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Abstract 

In previous papers, a generalization of the Weyl calculus was intro- 
duced in connection with the quantization of a particle moving in R" 
under the influence of a variable magnetic field B. It incorporates phase 
factors defined by B and reproduces the usual Weyl calculus for B — 0. 
In the present article we develop the classical pseudodifferential theory of 
this formalism for the standard symbol classes S^g. Among others, we 
obtain properties and asymptotic developments for the magnetic symbol 
multiplication, existence of parametrices, boundedness and positivity re- 
sults, properties of the magnetic Sobolev spaces. In the case when the 
vector potential A has all the derivatives of order > 1 bounded, we show 
that the resolvent and the fractional powers of an elliptic magnetic pseu- 
dodifferential operator are also pseudodifferential. As an application, we 
get a limiting absorption principle and detailed spectral results for self- 
adjoint operators of the form H — h{Q, 11"*), where h is an elliptic symbol, 

— D ~ A and A is the vector potential corresponding to a short-range 
magnetic field. 
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Introduction 

There are several different, but related, points of view on the usual Weyl calculus 
(for which we refer to |Hol| . |Ho2j . [Foj, \Sh\). One of them says that the 
correspondence symbol i-^ operator, / Dp{f), is a functional calculus for 
the family of operators Qi, . . . , Qn', Di, ■ ■ ■ , Dn on L^(R"), where Qj is the 
multiplication with the variable Xj and Dj = —idj. The familiar notation 
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Op(/) = fiQjD) keeps track of this fact. The relative sophistication of this 
formaUsm has its roots in the non-commutativity of the basic operators: 

i[Qj,Qk] - = i[D,,Dk], i[D,,Qk] = 6,,k. (0.1) 

In particular, this is the reason why the symbol multiplication (/, g) ^ f o 
g, fitted to fulfil f{Q,D)g{Q,D) — (f o g)(Q,D), is more complicated than 
pointwise multiplication. 

This remark suggests that generalizations of the Weyl calculus could be 
motivated by considering more general commutation relations as the starting 
point of a functional calculus. For the case of a constant magnetic field such a 
calculus has been developped in jSMGH , or in B for the case of a lattice. 

For a nonrelativistic quantum particle in M" placed in a magnetic field B 
deriving from a vector potential A, the basic self-adjoint operators (quantum 
observables) are the positions Qi,. . . ,Qn and the magnetic momenta Ilf := 
Di — Ai, . . . , := Di — An, satisfying the commutation relations 

«[Q„Qfe] = o, z[n/,Q,] = <5,fc, i[uf,nt] = B,k, (0.2) 

where Bjk is (the operator of multiplication by) the component (jk) of the mag- 
netic field. These relations are much more complicated than those of Heisenberg 
IjU.lfl . Actually, they are a representation by unbounded operators of a Lie al- 
gebra that has infinite dimension if Bjk are not all polynomial functions. 

It is natural to look for a pseudodifferential calculus adapted to such a sit- 
uation. At first sight, a procedure could be to replace in the explicit formula 
for Op{f) the symbol f{x,S,) by f{x,^ — A{x)), obtaining an operator Dp^(/). 
Altho u gh lar g ely use d in th e literature (see [^TCT^ . |lcT], |Tc2], HH, UTT], 02\ . 
[iTsT] . |rrs2] . pmT] . [NTJ2] . |Pa| . lUml), this point of view does not seem ade- 
quate, due to the fact that the operators Dp^(/), although representing physical 
observables, are not gauge covariant. Two vector potentials A and A' connected 
hy A' = A + d(p for some smooth real function ip, being assigned to the same 
magnetic field B = dA ~ dA', should produce unitarily equivalent operators 
Dp^(/) and Dp^, (/) for all reasonable /. In section 6 we are going to exibit 
large classes of symbols / (including the third order monomial f{x, ^) = ^j£,k£,i) 
for which the expected equality Opj^^^^ if) = e*'^Dp^(/)e-*'^ fails. 

The right formalism was proposed independently and with different em- 
phases in |K01j . |K02j and jMPlj . |MP2j . It was generalized and related to 
a C*— algebraic formalism in 'MPRl', and applied to the strict deformation 
quantization in the sense of Rieffel for systems in a magnetic field in |MP3| and 
| MP4| . The C*-algebraic setting is also related to the canonical commutation 
relations 1U.2|I . which can be reformulated by saying that the group M" admits 
an action on itself that is twisted by a 2-cocycle defined by the fiux of the 
magnetic field. The C*-algebras canonically assigned to this twisted dynamical 
system are an essentially isomorphic version of the magnetic pseudodifferential 
calculus. 

We shall sketch very briefly only the pseudodifferential point of view in 
Section 1, while the other sections will be dedicated to our actual purposes: a 
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development of the calculus for Hormander symbol classes S^g and applications. 
For the moment, let us only state that the core of the theory consists of two 
formulae: 

1. The quantization rule. The input is a magnetic field in R", given by a smooth 
2-form B. This 2-form is closed, by one of the Maxwell equations. Thus we can 
write it as B = dA for some highly non-unique 1-form A, called vector potential. 
For a vector potential A and points x, y in M", one can calculate the circulation 
Jj^ A. The operators associated to some suitable "symbol classes" will be of 

the form: 



Dp^{f)u\ {x) = 

( 

(27r)-" / / dyd^e^<^^^'«>exp 



A\i\^-;^.,i\u{y) (0.3) 

for any u G 5(M"). The imaginary exponential of the circulation of the vector 
potential enters (|0.3|l as a modification of the well-known Weyl formula for 
Dp(/). One should think of Dp"^(/) as the quantum observable (ideally a self- 
adjoint operator) corresponding to the classical observable given by the (real, 
smooth) function / defined on the phase space R^". In |MP2j we indicated a 
sort of derivation of this formula, as done in |Holj . |Ho2| or |Foj for B = 0. The 
point is to get first (|0.3|l for exponential functions and then to use superposition 
for the general case. But quantizing exponential functions requires a calculation 
of the exponential of a linear combination of the operators Qj and Ilj^, magnetic 
translations replace usual translations in the output, and this is the source of 
the extra factor exp ^— i Jj^ . 

2. The composition law. When no magnetic field is present, the classical me- 
chanical stage for our particle is the phase space R^" = R" x R", which is a 
symplectic vector space with the canonical symplectic form a[(y,ri),{z,(^)] = 
Yl^^ii^jVj ~ VjCj)- When B is turned on, the same R^" should be seen as a 
symplectic manifold with the perturbed symplectic form 

n 

(The 2-form B on R" can be pulled-backed to a 2-form on R^" - seen as the 
cotangent bundle of R".) We refer to [DR_, MaR| and |MP4| for details. If one 
belives that HU.3|I is justified and wants to have Dp^{f )Dp'^{g) = Dp^(/o-^ g), 
then the right answer is {f °^ g) {X) = 

= TT-^" J J dYdZcxp\-i J as] f{X -Y)g{X - Z), (0.5) 

R2" R2„ y T{X,Y,Z) / 

with Jq-{xYZ)'^B the integral of the 2-form as through the plane triangle 
T(X, Y, Z) in R2" defined by the corners X-Y-Z, X + Y-Z, X + Z-Y. Ac- 
tually (|0.5|l , which we call the magnetic Moyal product, reduces for i? = to the 
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usual multiplication law in Weyl calculus, often called the Moyal product. For 
further discussions concerning this phase function, especially of a geometrical 
nature, see |K01| and |KU2| . For the same relations containing also Planck's 
constant h and a study of the semiclassical limit fi, ^ in a C*-algebraic for- 
malism we refer to |CTF3] and [CTFl] : here h=l. 

The formal deformation quantization (in the sense of star products) of cotan- 
gent bundles endowed with a magnetic symplectic form can be found in [BNPWj . 

The nice feature is that H(J.5|I is completely intrinsic. It makes use directly of 
the magnetic field B; no choice of a vector potential is needed. One may say that 
introducing B leads to B-dependent function algebras, and only when we want 
linear representations of these abstract algebras vector potentials are needed. It 
is already obvious that these representations behave coherently with respect to 
equivalent choices. Vector potentials A and A' related hy A' = A + dip give the 
same magnetic field B. Then the operators Dp^{f) and Dp^ (/), belonging to 
different representations, are unitarily equivalent: Dp"^ (/) = e^'^ £)p^ {f)e~'^'^ . 

The pseudodifferential calculus with a magnetic field has been used in several 
papers dealing with the Peierls substitution ([HSl, ESU, ESS, El, EHIl, P). 
Although gauge covariance is not essential for the technical arguments used in 
this context, it is possible that our formalism may bring some new insight and 
even technical advantages. 

In the previously quoted articles |MP2j . |MP3| . |MP4| and |MPR1| . many 
technical difficulties were avoided by sometimes restricting to small classes of 
symbols /, g. This was enough for what was aimed and allowed very general 
magnetic fields. When general symbols were considered (by extending the va- 
lidity of the equations by duality techniques), very often refined properties of 
the resulting objects are hidden. We are now at a point where these difficulties 
must be faced and the powerful graded framework of pseudodifferential theory 
should emerge. The presence of the two extra phase factors in (|0.3|l and (|0.5|l 
makes all the picture rather complicated. For the time being, we have only 
succeeded to treat smooth, hounded magnetic fields having hounded derivatives 
of all orders. Since, however, no decay at infinity is requested, we belive that 
the theory we develop is general enough to support nontrivial applications. 

Having indicated roughly the motivations of our topic, let us now describe 
the content of the article. 

First we state some notations and conventions. 

In a first section we sum up briefly, with few justification, several simple facts 
from |MP2] and jMPRlj . For the convenience of the reader we show that (|0.3|l 
and are tied together, by proving that Dp^(/) Op^ig) = Dp^(/ o-^ g). 

In Section 2 we show first that for / e 5'™^, (p > 0, 5 < 1), Dp^(/) leaves 
the Schwartz space invariant. Afterwards, we study the product f g for f,g 
belonging to Hormander's classes of symbols S^g, {0 < S < p < 1). This is basic 
for the rest of the article. We give an asymptotic series for fo^g, the terms being 
calculated by recurrence. The development of the commutator f g — g f 
starts with the Poisson bracket {/, g} b assigned to the magnetic symplectic 
form as- The existence of a parametrix for elliptic magnetic pseudodifferential 
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operators is also proved, as a consequence of the asymptotic development of 
/ g; this is one of the most important tools of the theory. 

In Section 3 we prove that Dp^(/) is bounded in L'^{W) if / e S'^^ and 
0<<5<p<l,(5<l. The case i5 = p is a magnetic version of the Calderon- 
Vaillancourt theorem transcripted for the Weyl calculus (cf. |Foj ) . 

Section 4 is dedicated to the study of magnetic Sobolev spaces. Previously, 
they were considered only in situations when a vector potential can be chosen 
with bounded derivatives of strictly positive order, cf. |GMS| and |Paj . 

In Section 5 we show that an elliptic magnetic pseudodifferential operator 
is self-adjoint on the corresponding Sobolev spaces. For convenient vector po- 
tentials, the Schwartz space is a core. As a consequence of a Garding-type 
inequality, we also treat semiboundedness. 

Throughout the paper we suppose the magnetic field B to have bounded 
components together with all their derivatives. In Section 6 we shall more- 
over assume that B = dA for some smooth vector potential A having bounded 
derivatives of any strictly positive order. This facilitates certain arguments; in 
particular it leads to a connection between our magnetic calculus and the Weyl 
calculus for a certain ^-dependent Hormander-type metric, and this allows the 
transcription of certain classical results f |Hol| . |Ho2| . |ljo3| ) to our framework. 

As said before, many authors use for a symbol p{x, ^) the magnetic quantiza- 
tion Dp^(p) := Op{pa) with pa{x, ■— p{x, S, ~ A{x)), that does not provide a 
gauge covariant calculus. In Section 6, as a continuation of the analysis in Sub- 
section IV D of |MP2| , we shall compare this procedure with our gauge covariant 
quantization and prove that Op^{p) — Op^ip) is a pseudodifferential operator 
of strictly smaller order. In fact we prove a little bit more, showing that for any 
symbol p, one can find a symbol q of the same order (the difference p — q having 
a strictly inferior order) such that Op^{p) = Dp^iq). Thus, under the above 
hypothesis on the magnetic field B, one can pass from the functional calculus 
Dp^ to the functional calculus Op^ and in the opposite direction. Using the 
Weyl-Hormander-Bony calculus leads to more precise results; for example we 
obtain a Fefferman-Phong type theorem and prove that the resolvent and the 
powers of a magnetic self-adjoint elliptic pseudo-differential operator are also 
pseudodifferential. In particular we are able to compare three candidates for 
the relativistic Schrodinger Hamiltonian with magnetic field: ^J{D — A)^ + 1, 

£)p^(<C>) and Dp^(<e>). 

The last section is devoted to the spectral analysis (obtaining a limiting 
absorption principle) for a class of elliptic pseudodifferential operators obtained 
through a quantization (either by Weyl calculus, or by Dp^, or Dp^), for a 
symbol of the form p ^ pa + ps + PL, where po does not depend on x, ps is 
a symbol with "short range" behaviour and is a symbol with "long range" 
behaviour. We assume that all the derivatives of the magnetic field B verify 
conditions of type " short range" at infinity, and our exemple 3 shows that these 
hypothesis are in some sense optimal. The spectral analysis of Dp^(< ^ >) has 
been done in |Umj but without considering the problem of a limiting absorption 
principle; moreover, as shown in exemple 2, our hypothesis are more general. 
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The main ingredient in proving our Theorem 17.31 is an abstract result from 
the conjugate operator theory (see lABGI I: verifying the necessary hypothe- 
sis involves the elaborate pseudodifferential calculus developed in the present 
article. 

Notations and conventions 

We denote R" by X, with elements x,y,z. X* will be the dual of X, with 
elements £,,riX- We also denote by < •,• > the duality form: < >= 
^{x) =< >. 

The phase space wih be S = M^" ^X®X*, with elements X ^ {x,^),Y = 
{y,ri), Z = {z,C.). In fact these notations will be used in a rigid manner: if 
the contrary is not explicitly stated, when one encounters X G one should 
think that its components in X and X* , respectively, are called x and ^; the 
same for Y and Z. 2 is a symplectic space with the canonical symplectic form 
lY, Z\ = Ky, 77), (z, 01 r;, z > - < C, y >. 

On X we consider the usual Lebesgue measure. But on X* and S, respec- 
tively, it will be convenient to use — (27r)~"d^ and dX — TT~"dX. 

If y is one of the spaces X, X* or S (an M™ essentially), we set C{^{y) = 
{/ G C°°(3^) I supp/ is compact}, with C°°{y) the space of infinitely derivable 
complex functions on y. 

We use standard multi-index notations: a — (ai, . . . , a™) € N™, \a\ = ai -I- 
• • • + a™, a! = ai! . . . a™!, = d^l . . . d^": or 9" = d'^' . . . 9^"-, i^" = i'l^la", 
where m = dim 3^. 

S{y) will be the Schwartz space on y, with antidual S*{y); we denote by 
{u,v) := u{v), {u G S*{y), V £ S{y)) the apphcation of anti-duality. LP{y) are 
the standard Lebesgue spaces for p e [l,oo]. We set BC°^{y) = {/ € C°°(3^) | 
d"f is bounded for any a E N™}. Cj^j(3^) is the space of all C°° functions 
on y with the absolute value of each derivative dominated by an (arbitrary) 
polynomial. C^^i^^{y) = {/ € C°°{y) | 3fc > such that |(9"/)(y)| << y >^ 
yy & y a £ N™} is the subspace of C^[(3^) consisting of elements whose all 
derivatives are dominated by a polynomial of fixed (arbitrary) degree. 

We frequently consider integrals as converging in S* , in particular as oscil- 
latory integrals. 

We denote by B{Hi,H2) the Banach space of all hnear bounded operators 
T : Hi ^ H2, with Hi, H2 Hilbert (or Banach) spaces. In fact we preserve 
this notation even HHi, H2 are topological vector spaces, to signify continuous, 
linear operators. For B{H,H) we abbreviate B{H). JC{Hi,H2) will denote 
compact operators. Bp{H) will be the Schatten-von Neumann class of order 
p G [1,00] on H. For p = 1 we have trace-class operators, for p = 2 we get 
Hilbert-Schmidt operators, and Bao{H) = JC{H). 

Given a Riemannian metric on S and a positive function Af : S — > M^, 
we define the symbol space S{M, g) to be the space of C°° functions f : E ^ C 
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such that 



sup (M(X)-i \dT, . . . dTj{X)\) < oo, Vfc e N, 

where we denote by drf the derivative of / with respect to the direction T e S. 

We denote by ^{M,g) the family of Weyl operators Op{f) with / e S{M,g). 
If M{X) =< ^ >™ and the metric has the form 



for p, 5 and m real numbers and < ^ >:= (1 + |^|^)^/^, we denote S{M,g) by 
S^g{E). We stil use the notations 

:= 5r:o(S), 5— (S) = fl 

Explicitly, a function / G C°°(S) belongs to S^g{E) if for any multi-indices a 
and /3 in N" there exists a finite constant Ca/j such that 

(X)| <C^0<^ ^m-p\IS\+S\a\^ = {X,0 e E. 



1 Preliminaries 
1.1 The magnetic field 

The mathematical framework that we consider is supposed to model a quantum 

particle without internal structure moving in X = R", in the presence of a 
non-uniform magnetic field. The magnetic field is described by a closed 2-form 
B on = K". In the standard coordinate system on M", it is represented 
by a function taking real antisymmetric matrix values B = (Bjk) with 1 < 
j<n, l<k<n and verifying the relation djBki + dkBij + diBjt^ = 0. We 
shall always assume that Bjk S C^^{X), although this is not necessary for all 
constructions or assertions. Anyhow, later on, even stronger assumptions on B 
will be imposed. 

Any such field B may be written as the exterior differential dA of a 1-form 
the vector potential; by using coordinates, one has Bjk = djAk — dkAj for 
each j,k = ,N. The components of the vector potential will always be 

taken of class C^i (<%'), in order to define multipliers for S{X) and S*{X). This 
is, indeed, always possible, as can be seen by considering the transversal gauge 

n „i 

Aj{x) = ds Bjk{sx)sxk- (1.1) 

In the magnetic pseudodiffcrcntial calculus that we shall develop there are 
two phase factors that play an important role, one defined by B and the other 
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by A. Given a fc-form C on X and a compact piecewise smooth fc-surface 7 C X, 
we denote by 

r^(7) / C 

the usual invariant integral. We shall encounter circulations of the 1-form A 
along linear segments 7 = [x, y] defined by points (ends) x, y and fluxes of the 
2-form B through triangles 7 =< x,y,z > defined by points (corners) x,y,z. 
By Stokes' theorem, one has 

r^(< X, y,z>)= V^{[x, y]) + r^([y, z]) + r^([z, x\). (1.2) 



1.2 The magnetic functional calculus. 

In a former paper (MP2| we have shown that for / e 5*(S) and u G S{X), the 
formula (properly interpreted) 

'Op^{f)u] {x) = jj dy dri e^<-v^^> ^'^^-([..y]) j [^^ri) u{y) (1.3) 

defines an integral operator Dp'^(/) G B(S(X),S* (A")), and in fact Op^ gives an 
isomorphism between 5*(S) and B[S(^X),S* {X^) (as linear topological spaces) 
that restricts to an isomorphism between iS(S) and B(S* {X)^S{X^). Let us 
remark here that for any test functions u and 1; in 5(A') and any distribution 
/ G S*{X), we have the relation 



(Dp^(/)w,t;) - (u,Dp^(/)z; 



where (/,u) := {f,u). In particular, if / is a real distribution (i.e. / = /), then 
Dp'^if) is a symetric operator in B{S{X),S* {X)). 

An important property is gauge covariance. Let A and A' be two vector 
potentials of class C^j, defining the same magnetic field, dA = B = dA' . 
Then there exists a real function g C^j(X) such that A' = A + Vcp and 
g»v(Q)£)p^(/)e-*v(Q) = Dp^+^'^(/) for any / e 5'(S) and all such functions 
(p; this second identity is valid in B [S{X),S* {X)]. 

In |MP2| we show that Dp^ induces a unitary map from i^(S) to S2(L^ (<%")), 
the ideal of all Hilbert-Schmidt operators. The family of operators Dp^{f), f 
being the Fourier tranform of an arbitrary function in L^CE,), is dense in the 
closed ideal IC{L^{X)) of all compact operators. 



1.3 The magnetic Moyal product 

Let / be the Fourier transformation of / e 5*(S) with respect to the second 
variable. If A-^{x,y) := exp{— ir'^([x, j/])}, we can write 



Op^{f)u (x) = (27r)-" / dyA^{x,y)f 



X 



,y-x \ u{y). 
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For f,g G 5(S), the associated magnetic Weyl operators Op^{f) and Op^{g) 
are smoothing operators and thus the product Dp^ {f)Dp'^ (g) is also smoothing, 
consequently of the form Dp^(/ g) with f g in depending linearly 

on / and g. In order to obtain an explicit form for the magnetic Moyal product 
/ 5, we remark that for </> € S{X): 

Op^{f)Op^{g)J{x) -(2^)-" / dzA^{x,z)x 

^ dy n^{x,y,z) f (^^^^^,y~ x^ g z - | <^(z), 

where fl^{x,y,z) := exp{— ir-^(< x,y,z >)} and we have used H1.2|l . 
Thus we have obtained (/ g) (^y^, z - x) ^ 

= {2n)-- l^dyn^{x,y,z)f(^^,y-xygl^^,z-y 

Let us remark that all the integrals above are absolutely convergent due to our 
assumptions on / and g. Moreover we have seen that fo^ge S{E), so that we 
can compute its partial Fourier transform (in the second variable) by the usual 
integral formula and obtain again an element in Thus, after making the 

change of variables u :^ {x + z)/2, v := z — x, we can write (for any 6 G X*) 

{fo^g){u,0) =(27r)-" / dve'<''^>if^g)iu,v) 

Jx 

= (27r)-2» [ [ [ [ dvdydT]dCe'<'^^''> {u-{v/2),y,u+{v/2)) X 
Jx Jx Jx* Jx' 

, 1 „ f u + y ~ iv 12) \ 
exp{-z <77,2/-u+(t;/2) >} / f ^-A^^^j x 

X eM-^<C,u+{v/2)^y>}g(^±l±^X 

We shall use the Fubini Theorem and the change of variables 2y' :— u—y+{v/2), 
2z' := u — y — {v/2), ?/ ~ -q, Q' := 6 — Q. In the sequel we shall use the 
notation 

uib{,x, y, z) := exp{-4iFB(a;, y, z)} = {x - y + z, x - y - z, x + y - z), 

where ^ 

Fb{x, y, z) := ^r-^(< x - y + z,x - y - z,x + y - z >) = 

^ yj{zk~Vk) i / dsdt sBjk{x-y- z + 2sy + 2st{z-y)). 
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By easy computations we get the Moyal product (/ g){X) = 

d:YdZe-^'^^'^'^uj^{x,y,z)f{X-Y)g{X-Z) = (1.4) 



dYdZ e-^'^^-^'^-^^ - z + y, -X + y + z, a; - y + z) /(F) g{Z). 



1.4 The magnetic Moyal * -algebras 

One can extend the vahdity of p.4|l by duahty, using the fact that for any 
functions / and g in we have 

^ dX {fo^g){X) = jjX {go^ f){X) ^ jjX f{X)g{X) =< f, g >= {f,g). 

Thus for /, g, h G S{E) we have < J g^h >=< f,g h >=< g,ho^ f > . 
Considering < •, • > as duahty between iS'(S) and iS(S), we define for F e S'{E) 
and / e S{E) 

< Fo^f,h>:^< FJo^h>, < fo^F,h>:^< FJio^f >, Vh £ S{E), 

getting two bihnear continuous mappings x iS(S) — > resp. S{E) x 

iS'(S) with good associativity properties. 

A substantial extension of the magnetic Moyal product is obtained in jMP2| 
on the following class of distributions 



:={Fe5'(S) I Fo^/e5(S), fo^FeSiE), V/e5(S)}, 
called the magnetic Moyal algebra. For any F,G E A^^(S), we define 

< Fo^ G,h>:^< F,Go^ h>, Vh e S{E). 

The set A4^{E) together with the composition law defined above and 
the complex conjugation i— s- _F is an unital *-algebra, containing iS(S) as a 
self-adjoint two-sided ideal. Maybe the most important fact is that Dp^ is an 
isomorphism of *-algebras betweeen M^{E) and n B[S'{X)]. 

Simple examples show that is much larger than For instance, 

Fourier transforms of bounded, complex measures on S, as well as C^j-functions 
depending only on the variable in X are in the magnetic Moyal algebra. A less 
evident and very useful fact is that C^^iA'^) C M^{E). Lemma lO will show 
that S"^g(E) is also contained in M^{E). 
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2 The magnetic composition of symbols 



Our first task is to extend the magnetic composition law to classes of symbols 
and obtain a precise asymptotic development for this composition, generalizing 
the well known formulae from usual pseudodiffcrential calculus. This will be a 
key technical ingredient in the following developments, in particular leading to 
the existence of parametrices for elliptic operators. 



2.1 Hormander symbols are in the magnetic Moyal alge- 
bra 

To make use of the natural extension to the Moyal algebra (as discussed in [1.4]), 
we begin by shawing that the classical symbol spaces S™g{E) are contained in 
the magnetic Moyal algebra. Only the case (5 < is covered by our previous 
result in |MP2] . saying that C^^j^ C M^{E). 

Lemma 2.1. If B is a magnetic field having components of class C^^{X), then 
for any m G M, any p > and any 5 < 1 we have C A^^(S). 

Proof. We must prove that, for any couple (/,</?) G x iS(S), we have 

/ o^i^ G Thus we have to study the following integral, that will exist as 

an oscillatory integral: 

(/ o^^){X) ^ j^jjYdZ exp{-2iiy, Z}} ub{x, y, z) f{X - Y^X - Z). 

We choose x G C^(S) with x(0) = 1, and for any e > we define fe{X) := 
x{^X)J{X). Then we shall show that the limit \\m{f^ °^ f) exists pointwise 

e— >0 

and is independent of the choice of x- By integration by parts we have 



^^(a;,y,z)£fV(^~^) , (2-1) 



with differential operators £z = 1— (l/4)Az and £|j ~ 1— (1/4)A(;. The integrals 
are well defined, due to the decay assumptions on ip. We choose first > 
(l/2)(m + n+l) and then A^^ > (l/2)((7(2iVz) + n+ 1), where (j(iV) maxp(7) 

|7|<A^ 

and ^(7) is defined by the following estimations (implied by the assumptions on 
B): 

< C^{1 + \x\ + \y\ + |z|)p(^). 

We conclude that we can take the limit e ^ and obtain for (/ o-^ (p)(X) 
an identity similar to (|2.1I) . Moreover, this equation is clearly independent on 
the choice of x and also of the exact choices of Nz and iV^ (by integration by 
parts). For any fc G N we may choose > (l/2)(m + k{\6\ + \p\) + n + 1) and 
> {l/2){q{2Nz + k) + n + 1) in order to prove (by further integration by 
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parts with respect to y and if) that in fact f £ C'^(S). In conclusion we 
proved that / o^^ e C~(S). 

Moreover, if we consider a multiindex a = {ax,a^) € N^" and integrate 
by parts with respect to y and 77, we prove that d^{f ip) is a finite linear 
combination of terms of the form 

I{X) = dY dZ e-^'^'^'^^ < z >-^^n< ^ >-2JV, X 

X (Sf < V >-'^^) {d^y' < y >-'^^) {dfdt'd^'^u^{x,y,z)} X 
X {d^'^dfdf'd^viX - Z)} {d^'dfdfd^" fix - Y)} , 



with a' + a'' + a'l 



a^, \a\ = k, + \f3"\ < 2N^, \i\ + 



lY'l + < '2Ny, \S'\ + \S"\ < 2N, and |A| < 2Nq. Then wc can choose 
Ny,Nr,,Nz,NQ as functions of k and I so that \I{X)\ < Q < X >~K In fact, 
taking into account that ip G «S(S), we have for any {s,t) G Nx N the inequalities 



(a^"af a^w^) {x,y,z)\<Ci{<x> + <y> + <z>) 



q{2Ny+2N,+k) 



d:"dfdfd^ip) (X-Z) <C2<x-z >-*< c - c >" 



(d"'^'dfdf'df f^{X-Y) <C3<i-r] >™-pI«« +/3"l+'5l"x'+7"'l . 
We may suppose that 5 & (0, 1). Let us remark that 

<^-r] >™-/'K+/3"l+«l«;"+7"'l <C<^ ^m+S{k+2Ny) ^ ^ ^\m\+S{k+2Ny) ^ 

<x-z>-*< C <x >-*< z>\ < ^ - C < < ^ C >' • 

We choose first Ny > (1/2)(1 — 5)~^{n + 1 + 1 + m + k6) in order to verify the 
integrabiHty condition with respect to € X. Then we choose s = Z + + + 
2Ny), and obtain a factor < ^ >~'. We can also choose > (l/2)(n+ 1 + |m| + 
(k + 2Ny)S) in order to verify the integrability condition with respect to r] G X 
and t — l + q{2Ny + 2Nz + k) to obtain a factor < x >~'. Wc end up by choosing 
Nn > {l/2){n+l+l+2qi2Ny+2N,+k)) andiV^ > il/2){n+l+q{2Ny+2N,+k)) 
in order to get the integrabihty with respect to {y,z) G X x X. □ 



2.2 Estimations on the magnetic flux 

If the magnetic field B has components of class BC°° {X) , by arguments similar 
to those above, for any / G 5""i(S) and g € the magnetic Moyal 

product / g belongs to Some sharp estimations on the flux of 

the magnetic field will make possible in [2.4] a precise result concerning the 
asymptotic development of / g. 
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Lemma 2.2. If the components of the magnetic field B are of class C°"{X), 
then O^^Fb = {DjkVk + EjkZk) , dy^Fg = ELi (-Djfcyfe + ^^^fc^^fe) , 

dzjFs = J2k=i (^jfe^fc + ^jfe^fe) ' where the coefficients Djk, Ej^. are of 
class BC°°{X^). In particular 

Djkix,y,z) -.^ - J tdt [Bjkix + ty - z) + Bjkix -ty + tz)], 

1 

Ejk {x,y,z) -.^ - j dt [tBjk {x-ty + tz) - Bjk {x - y + tz)] , 
1 

Dj,^{x, y,z) -.^ ~- J dt [tBjkix - ty + tz) + Bjk{x + ty - z)] , 
1 

E'-k{x, y, z) -.^ - j tdt [Bjk{x - ty + tz) - Bjk{x - y + tz)] . 

Proof. Using the condition dB — 0, i.e. diBjk + djBki + dkBij — 0, we obtain 

dx,FB{x,y,z) = 

= --^(zk-yk)l ds I dt—Bki{x-y-z + 2sy + 2t{z-y))- 
2frt Jo Jo ds 

1 " d 
~2Yly^ J J dt—Bi.j{x-y-z + 2sy + 2t{z-y)). 

The identity ds J^dtf{s,t) = Jq dt ds f{s,t) and some straightforward 
computations lead to the first equahty in the statement of the Lemma. The 
others are then proved in a similar way. □ 

The next Corollary follows from Lemma [T^ bv direct calculation. A crucial 
fact in our arguments is the boundedness in x of all the derivatives of w^. 

Corollary 2.3. // we assume that all the components of the magnetic field B 
are of class BC°^{X), then we have 

\{d^d^d]LUB) ix,y,z)\ < C^,0^^i< y> + <z >)\-\+\M'r\, V(a,/3,7) € m^ 
where Ca.p^j are positive constants. 

Remark 2.4. The same proof as above shows that if the components of the 
magnetic field are of class BC°°{X), then 



9? 



^~tT"{<x.,y,z» 



< C„(<x-z> + <y-z>)l"l, VaeN", 



where Ca are positive constants. 



13 



2.3 Stationary phase result 

An important ingredient for the estimation of the integral appearing in p.4|) is 
a 'stationary phase' result, for which we introduce some notations. For any Lp G 
C°°{X^) we define the following first order differential operator (with respect 
to the variables ?7 = G S and V — {v,iy) E S), having coefficients that 

only depend on {x, y, z): 

n 

i=i 

We shall denote 

n 

1%, 9y] :=< df,,dy > - <du, >= ^ {d^^^dy^ - du^d„^) 
and for i e M \ {0} and ip £ C^^ii^^) we define: 

Lemma 2.5. Let Lp e C^^ii^^)- 

1. We have the following equality: 

j^j dYdZ eyiY>{-2ilY, Z\}ip{x,y, z) ^ ip{x,0,0) 

(the integral being interpreted as an oscillatory integral). 

2. If h e S{E X E), for any t eR* we have 

dY dZ e^^'^^-^'^(p{x, y, z)h{X -tY,X - tZ) = Lp{x, 0, Q)h{X, X) + 



+t^ sds J J dY dZ e-^'Ii'^^l [L^{st)h] {X - stY, X - stZ). 
Proof. (1) Let us fix x G C^{X) such that x(0) = 1. For any e > we define 
/, / / dY dZ x{€y)x{^v)x{^z)x{eOeM-2ilY,Z}}^{x,y,z) = 



= 7r-^"/ / dydzx{ey)x{^z)^{x,y.z)e-'-x{-{2/e)y)x{{2/&A^ 

J X J X 

= (27r)-2" / / dydzx(-(eV2)2/)x((eV2)^)x(y)xW^(x,-(e/2)y,(e/2)z). 
Jx Jx 

By the Lebesgue dominated convergence theorem, this converges for e ^ to 
ipix,0,0). 
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(2) Wc perform a first order Taylor expansion of h{X — tY, X — tZ) with 
respect to t. The first term on the right-hand side is given by 1. For the second 
term we integrate by parts, using the identities 

-2jlr,Z] _ _ j_a -2ilY,Z} r.p-2ilY,Zl _ }_r. -2ilY,Z\ 

□ 

2.4 Magnetic composition of symbols 

To any differential operator of order m with respect to the variables U and V , 
P ■= J2 Cai3{x,y, z)d^dy, we associate another differential operator Mb{P) 
defined by Mb{P) ■= MB{cai3)d^dy. This operator will evidently have the 
same form, but will be of order rn. + 1. 

For any sequence of positive numbers {tj e M* | j G N*}, let := t\- . . .-tk 
(for k &W) and let us define by recurrence the sequence of differential operators: 

Lo := 1, 

Li{ti) := ujg^L^B{ti), 

Lj+i{ti, . . . := ■■■ytj) 



Mo(L,(ii,...,t,)) 



Theorem 2.6. Let us assume that all the components of the magnetic field B 
are of class BC°°{X). If f e S'^KS) and g e S^JiE), with mi e R, € M, 



< 6 < p < 1, then f g £ S"^^^"^'^ {^) and we have the following asymptotic 



development: 

/o^5 ^ Y^hj, hj € 5-+--i(p-^)(s), ho{X) = f{X)g{X), 



3=0 



hj{X)= [ I ■■■ I dtidt2 . . . dtj ^tl^ ^ ■ ...-tjX 
Jo Jo Jo 

x[Ljitu...,tj){f{U)giV))]\ 



'U=V=X 
y—z~0 



Proof. We shall verify by induction that for any A; > 1 we have 

fc-i 

fo''g = J2f'j+Rk, (2.2) 
j=o 

where Rk{X) 

1 / ... / dtidt2 ...dtk tf-Hf-'' -...-tk ( [ dYdZ e-2*I^'^I X 
Jo Jo Jo Js Js 
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xc^b(.t, y, z) ...,tk) {f{U) 9{V))] 



'U=X~t(k)Y 
V=X-t,^,Z 



For = 1 we apply Lemma taking (f = lub, h = f ® g and t = \, s = ti. 
We just have to remark that in this case 

Regarding the integrals as oscillatory integrals, we may assume that the func- 
tions / and g belong to iS(S). 

Let us suppose now that formula (|2.2|l is verified for some fc > 1. In order to 
prove it for /c + 1 we shall rewrite the integral defining the rest Rk ■ We notice 
that 

[Lk (ii , . . . , ife)(/ ® 5)] iU, V)^Y. y.zM,---M) id"f) (U) (d^g) {V). 

a, 13 

For each term we apply Lemma 12.51 taking (p = UB^aHj 

h = (9"/) ® {d'^g) and 

t — ti ■ ■ ■ tk, s ~ tk+i- We remark first that 

^ (x, 0, 0, ti, . . . , ifc) (9"/) {X) {d^g) (X) - 

a,f3 



= [Lk(t,,...,tk){f{U)g{V))] 

Then 



u=v=x 

y=z=0 



Y^^B {2a^,ldu,dv] + {t(k+i)r'MBia^,)} , 



and moreover 



Putting all these together we get 

We remark further that is a differential operator with respect to the 

variables U and V and thus commutes with multiplication with the function 
a„^; thus Y.J^Ha^f,)df}d^ = Mo{Lk{ti, . . . ,tk)). Finally we get Rk{X) = 
hk{X) + Rk+i{X) and the proof of (j2.2|l is finished. 
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Let us show now that, for each j G N, we have hj € ^™^+™2 Hp ^) j'^). This 



is evident for j — 0. For j > 1 notice that 

Ljih, ■ ■ ■,tj) = ^a^,^„ ^,^„ {x,y,z;ti, 



where \a"\ + \(3"\ = j, \a'\ + < j and a^, ^„ ^, are hnear combinations 
of products of derivatives of Fb with respect to y and z and monomials in t^^ , 
. . . , tj^ , with exponents that do not exceed those of ii, . . . , tj appearing in the 
integrals. Lemma [2.21 shows that for y = z = the derivatives of Fb are either 
vanishing or at least bounded functions of x. We conclude that hj is a linear 
combination of terms of the type 



where b € BC°°{X), p, > for any I e and \a"\ + \f3"\ = j, \a'\ + 

\P'\ < j- It follows immediatly, from the hypothesis on / and g, that hj G 

gm-i+in-2-j{p-S) 

We shall end the proof of the Theorem by checking that for any k >\ one 
has Rk G g'm.i+m.2+2n-k(p-5) shall usc oucc again the structure of the 

operator Lj{ti, . . . ,tj) that was described above. It follows that Rk can be 
written as a linear combination of terms of the form 



I{X) = C 



I^'---J\h... dtk • • • tf ^ ^ ffyclZe-2^I^-^Ia;B(x, y, ; 



[d-^'dfj) {X-h--- tkY)] [(d^'dfg) {X 



■tkZ) 



Now we no longer restrict to y = z = and thus factors of the type y^ z'^ 
may appear in the functions a^, ^, ^„ (that contain derivatives of Fb)- These 
factors may be handled by integration by parts, using the exponential e^^*!^''^", 
and will generate operators of the form dj^d^ applied to the functions 5" d"^ / 

and g, but this will not alter their decay. We proceed as in the proof 

of Lemma |2. II and after a number of integrations by parts we write I{X) as a 
linear combination of terms of the type 



JiX) 



J\.. J\ti--- dtk if • • • tf dYdZe-^'^^^''^ : 



X < z > 



-2N„ 



<c> 



< 77 > 



xd: 



rot ^ 



{x,y,z)x 



■2Nc 



[d^'+'"'df+^"f) (X t^k)Y) (af +^"9f"+".g) {X ^k)Z), 
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where lYI + IV'I < 2N^, \5'\ + \5"\ + \5"'\ < 2Ny, \e'\ + \e"\ < 2N„ |A| < 2N^ 
and Qj > for any j e {1, . . . , k}. 

We fix Nrj = Nt^ = n in order to have integrabihty in the variables y and z. 
Then we decompose the ?7-intcgral with respect to the two domains {|r/| < k < 
^ >} and {|?7| > k < £, >} for some small fixed k > 0, and similarly for the 
integration, and thus write J{X) as a sum of 4 terms Ja{X) (with a= 1, 2, 3, 4). 
In order to estimate each of these 4 terms separately we remark that we may 
choose different values for the pair {Ny,Nz) in each of these terms, due to the 
fact that these choices are made by integration by parts in the variables y and 
z. Moreover, for any r e M and for ^Ny > 0, VA/'^ > 

/ dr^<V >-^^' <i-t71 >-+^^^v < C<^ >r+25JV,+n _ 

^{l'?l<«<«>} 

Taking Ny > and 2Nz > \r\ + 25Ny + n, we have 



I 



'{|r,|>«<«>} 

< C [ drj <r] :^\r-\+2SNy-2N, < C <^ ■^\r\+25Ny-2N,+n _ 

Let us set ri := mi — p\a"\ + 5\a'\ and ■= m2 — p\P"\ + <5|/3'|- We get the 
following upper bound for | Ji(X)| 



<^ (7 < ^ ^mi+m2— fc(p— 5)+2n 

by choosing for this domain Ny = = 0. Then, we get for the next type of 
domain the upper bound: 

< C < ^ri+2SNy+n^ ^ ^\r2\-2Ny+n _ (j ^ ^ ^ri + |r2|+2n-2(l-5)Ar^ 

and we have to choose on this domain Nz = and Ny large enough. On the 

similar domain with rj and ( interchanged we have to choose Ny = and N^ 
large enough. For the fourth domain we obtain the upper bound 

f < r, >'^^ f < C >^^« 

< C < £, >l^il + l''2l+2n-2(l-<5)(Ar„ + W.) 

and thus we have to choose both Ny and Nz large enough. We conclude that 
\Rk{X)\ < C < ^ >'»i+'»2+2»-Mp-'5) . 
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For the derivatives of Rk we may proceed in a similar way, since all the terms 
obtained by differentiating the factor ujb with respect to x are bounded by 
monomials in y and z and thus can be dealt with by integration by parts in y 
and z. We get 

(d^d^Rk^ {X) < C < ^ ^rm+m2+2n-k{p-S)-pm+S\c\ ^ ^ ^ ^ ^ 

In order to end our proof we fix some p G N and write the identity 

P k 

where fc > p + 1 is chosen large enough to have 2n — k{p — 5) < —{p+l){p—S). 
This gives 

p 

3=0 

and thus f g ^ hj. □ 

2.5 The first terms of the asymptotic development 

Let us explicitly compute the first terms of the asymptotic development of the 
magnetic Moyal product. 

1. We know from the statement of Theorem 12 . 61 that ho = fg. 

2. In order to compute hi, we remark that 

n 

n 

-2tr'^a,FB)[/ ® {d,,g)] - {d.,FB)[{d^J)®g]. 
For y = z = Q the first order derivatives of Fb vanish and thus 

n 

[Li{h){f®g)] {X,X) = -zJ2 mj){X){d,^g){X) - {d,J){X){d^^g){X)] . 
In conclusion we have hi — — ^j/, 5}- 

3. For /12 we need to compute the explicit form of the operator ^2(^1, t2). Using 
Lemma I2. 21 we obtain: 



[Mo{Li{ti)){f ^ g)] {X,X) = -^ BMx)mj)^{di,9)]{X,X). 



2 

j,k=l 

Li(ti-t2)Li{ti){f ®g) 
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3,k=l 

+ {terms vanishing for y—z—0}. 
Finally, we put everything together to obtain 

1 " 



1 " 

-d.AJ®d^A.9\ {X^X) -TpYl BA^diJ) ® {d^,g)]{X,X). 

In particular we have 

11" 1 

/o^.g-.go^/- {/,.g}- ^ B,,{d^J){d^,g) ^ -{f , g} b (2.3) 



j,k=l 



{mod. 3(p '')('^')')^ with {-j-js the Poisson bracket associated to the 

symplectic form as defined in 1)0.4(1 . 

2.6 The parametrix 

One of the main tools in pseudodifferential theory is the parametrix. 

Definition 2.7. A symbol a G ^"^(S) is called elliptic when there exists two 
positive constants R and C such that 

C < C >"< |a(x,OI, yxeX, y£, e X* with \^\ > R. 
The operator Dp^ (a) will also be called elliptic. 

Theorem 2.8. Let a e S'™^(S), Q<5<p<lbean elliptic symbol. Then 
there exists b £ S'^™(S) such that 1, bo^ a—1 G S'^°°(S). Thus for any 

vector potential A with components of class C^j{X) associated to B, Dp^{b) is 
a parametrix for Dp'^(a). 

Proof. We construct first an approximation for b. 

Let X G C°°(A'*), x(0 - if 1^1 < R, x(0 ^ 1 if 1^1 > 2i?. We define 
bo{x,^) :— xiO'^i^iO^^ G C°°(S). It is easy to see by recurrence that for 
a,P£ N" and (x,^) G S 

I (d^dpo) (x,OI < Ca,0 < ^ >-^--p\-\+m^ (2.4) 

and thus bo G 5'^7"(S). 

Thus, by Theorem 12.61 we have an asymptotic development bo a ~ 
J^jLo f^j{f^o, a). Since ho{bo, a) = boa = 1 + (x — 1), one has ro := bo a — 
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1 G Sp\'' '^•'(S). We denote by r € S'p^-(S) an asymptotic sum of the series 
1 + l)-'ro ■ ■ ■ ro (the j'th term contains j factors and it belongs to 

5-j(p-5)(2)). Then b ro-Bfog e S'-™(5), and from the equality I+t-q = boo^a 
it follows immediatly that bo^ a—1 e 5*^°° (2). In the same way one constructs 
b' G S^'^{E) such that ao^b' -le S-°^\E). Then 

b-b' = boB {l-ao^b')~il-boB a) b' e S-°°iE), 

thus ao^b-le S'-°°(S). □ 



3 X^-continuity 

Theorem 3.1. Suppose that the magnetic field B has components of class 
BC^. Let f e S^piE) for some p e [0,1). Then Dp^(/) € B{L'^{X)) and 
we have the inequality 

Op'^(/) < c(n) sup sup sup < ^ >''(l'3|-l"l) d^d^fiX) 

B(L^(x)) |q;|<p(") \0\<p{n) XsB. 



(3.1) 

where c{n),p{n) are constants depending only on n, that can be determined 
explicitly. 

The proof we give makes use of an idea of L. Boutet de Monvel f |BM| ): more 
precisely we have to use the Cotlar-Knapp-Stein lemma in a way adapted to our 
specific situation. We shall need the following remark. 

Remark 3.2. Let linear operators {Tj}j^fi and T in B{S{X)^S* {X)) be given, 
with integral kernels {Xj-jj-gN K, respectively, in S*{X x X). Assume that 

i) Tj e B{L'^{X)), Vj e N and there exists C > such that \\Tj\\ < C, Vj e 
N; 

a) \imKj = K inS*{X X X). 



Then T G B{L'^{X)) and \\T\\ < C (for the same constant C as above). 

Proof of Theorem 3.1. By Remark 13.21 we may suppose that / e 5(S). 
Indeed, let us choose x G C'o°('^) such that xi-^) — 1 for l^^l + ICI 1^ a-nd for 
any e G (0,1) let us define Xe{X) :— xi^^) ^nd :— Xef G S{E). For any 
multiindices a and /3 let us define 



Cf{a,f3) := sup sup sup < £, > 

a'<a I3'<IS XeE 



P(l/3'|-I"'l) 



f{x) 



Then it is easy to check that there exist Cap G M+ such that 



P(l/3|-|a|) 



d^d^f.iX) 



< 
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< CQ/3C/(a, /3)niax max 

a'<a (3'<f} 



pm-H) 



P(I"'H/3'I) 



As e|^| < c' on the support of /e, we obtain the estimation e < c < ^ > ^ (vahd 
on the support of /e) and thus the right-hand side above is bounded by 

C}(a,/3) <^ >-l'^-'3'l<^>''(l^l-l'''l)<e>''^l"'l"l"l^ < C'l{a,f3). 

Consequently, if we prove H3.1|l for (for any e £ (0, 1]), applying Remark 13.21 
to the family {Dp'^(/e)}eg(o,i] gives the conclusion of Theorem 13. II for /. Thus 
we suppose / € Choose u G S{X) C L^iX) and define A(0 :=< C >''• 

1-st Step. Given N £ N, that we shall fix later on, we consider the differential 
operator 



[1 + A(e)^^(-A^) 



2N-\ 



that satisfies Ljexpji < x — y,^ >} — exp{i < x — y,£_ >}. After some 
integrations by parts we get 



[Op^{f)u]ix) 



dyd^ e 



i<x-y,i>-ir'^{[x,y]) 



9{x,v]C)u{y), 



XxX* 



where g{x,y;^) [{*-L^)f]{{x + y)/2,S_). One easily checks the inequalities 
\{dpSd^y9)ix,y;0\ < C„/3^A(e)l''l+l^l (1 + X{0\x ~ y\)-^'' x 



X sup sup sup < C > 

|a'|<|a|+2Ar |/3'|<|/3| + |7| (a,«)eH 



p(W\-\P'\) 



2-nd Step. Let us write [Op"^ {f)u]{x) as the integral over ^ e A"* of 



X 



dy exp{i <x-y,^> -iV^Hx, y])}g{x, y; O^iy). 



We denote by K^^ the integral kernel of the operator P^; we have the bound 

\K^{x,y)\<C{l + \x-y\)-'''. 
Choosing N > n/2, we find a constant Cq such that ll-P^ ||g(i2(;i.)> ^ C'o for any 
3-rd Step. For v e S{X) and r] E X* we have 



[P;v]{y) 



X 



dz exp{i <y- z,ri> -iV {[y, z])}g{z, y; r])v{z). 



Thus the integral kernel of the operator P^P.*j is given by 

K^,^ix,y) := exp{i[< x,^> - <y,T]> -r^{[x,y])]}^. 



X / dz exp{i < z,ri - ^ > -iT {< x, z,y >)} g{x, z; ^)g(y, z;'q). 



IX 
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4-th Step. We consider the following differential operator 

-1 



1 



m + Mn) 



1 - (A(e)+A(r,))-2AJ, 



satisfying exp{i < z,ri ~ ^ >} — exp{i < z,r] — >}. Thus for any k G N 
we get 

exp{-i[< x,^> ~ <y,T]> -r^([a;, y])]}K^^r,ix, y) := 



exp{i < z,77-^ >}Af; exp{-ir {< x, z,y >)} g{x, z;S,)g{y, z;ri) 



X 



Using Remark TTM and the bounds for the derivatives of g (obtained above) we 
get for any k < N 



exp{-ir (< X, z, y >)} g{x, z; z] rf) 



< 



< Ckif) 1 + 



-2k 



[1 + A(0|a;-z|]-2(^-^)[l + A(77)|y-z|]-2(^- 



k) 



where Ck{f) is a linear combination of a finite number (depending only on A;) of 
products of two seminorms of / in 5° p. Choosing now N large enough in order 
to have N — k > n/2, we easily obtain the inequality 



X 



dx\K^^ri{x,y)\ + / dy\K^^^{x,y)\ < 
J X 



-2k 



m + Kv) 

5-th Step. We have thus obtained the foUowing estimations: 

WPiPvLi.H^n ^ ifN>^ + k. 

The conclusion of Theorem 13.11 will follow now from the Cotlar-Knapp-Stein 
lemma, once we have proved that there exists k G N such that 



sup 
CsA-* Jx 



m + Hv) 



-k 



< oo. 



We shall decompose this integral on three subdomains of X*: {\ri\ < |^|/2} —: 
Di, M > m} D2 and m/2 < < 2|C|} D^. We get 

ii < d^A(o-"/' (i + ' < c'A(c)-"/2(i + i^iA(o-^)-icr < 
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< C" < C >"(i-p/2)-Mi-P) < c'\ if k > 

2(1- p) 



x.<a/^_.,[A,OA,,,,-v.(: + _|_i_ 



< 



< + lei)-""/' / d?7(l + |?7|)-"''/2-fe(i-rt < C", if k > ""j^ . 

2(1 - p) 



if we take k > n. As we have n(2 — p)/2(l — p) > n for any p > 0, we 
conclude that we can fix A: e N and N ^ N such that k > n(2 — p)/2(l — p) and 
N > k + n/2. This finishes the proof. ■ 

Remark 3.3. Theorem\J^ remains true also for symbols of class S'|]^(,^) with 
< S < p < 1, due to the obvious inclusion SpgCE.) C S'^^(S) 

4 Sobolev spaces 

In this section we shall suppose that the components of the magnetic field B are 
of class BC°°{X); we shall work in a Schrodinger representation Dp"* associated 
to a vector potential A (such that B ~ dA) with components of class C^j(S). 

Definition 4.1. 

Definition 4.2. For any s £ M.j^ we set 

PsiO ■■=< e S^{E), q3, Dp^(p.) e *^'^(S), 
/J5i(A') := {m e I *p^yei2(^)| 

As a consequence of the Proposition below, the magneticSobolev space H\[X) 
(for s € may be defined using any elliptic operator of order s. 

Proposition 4.3. For any s E M-|_ we have: 

1. H^j^{X) is a Hilbert space for the scalar product 

iu,v)s,A ■= {^sU,'^sv)l'^ + {u,v)l2, yu,v e i?^(A'). 

2. IfO<S<p<l, then T e (A") is bounded from H^iX) to L^{X). 

3. For any elliptic operator T e ^^'^{X), the map 

H\{X) 3u^ \\u\\l^ {\\Tu\\l. + Ml.y^' 
defines an equivalent norm on if^(A'). 
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Proof. The first conclusion is evident, because & B[S*{X)] fLemma |2.1f) . 
Let us fix now an operator T £ ^'^'g{X). We notice that, being elliptic, & 

has a parametrix Qs £ fTheorem I2.8|) . i.e. there exists 

g such that Q,^, = l + ms. Thus, for any u £ H\{X) we have 

Tu = {Tils)^sU ~ {T^s)u. Theorem ITBl implies that TO^ and Td\s belong 
to We use Remark lO to deduce that Tu £ L'^{X) and \\Tu\\\^ < 

Co (|j*Psu|li2 + ||w|||2). Thus we get the second conclusion of the Proposition 
and the inequality < C||m||s,a for any u £ H\{X). In order to get the 

reversed inequality and thus the third conclusion of the Lemma, we have to 
suppose T elliptic. Then there is a parametrix 5 £ '^^'^''{X) for T such that 

ST = 1 + R, with R £ For u £ L^{X) such that Tu £ L^iX), we 

obtain = {^sS)Tu- £ L^(X) and also \\u\\,^a < C||u||;^. □ 

Lemma 4.4. IfO<s<t, we have a continuous embedding H\{X) ^ H'\{X). 

Proof. Assume that u £ H\{X). By definition of the Sobolev space, it follows 
that u £ L^{X) and £ L'^{X). Making once again use of the parametrix 
Ot £ ^^~*iX) of we deduce that there exists some ?lt € ""^(A") such 
that u = Qt^tu + mtu. Thus = ^Mt^tu + ^s^tu. Using Theorem EEl 
we get that Cp^O* £ and ^,mt £ so that by Remark 

Owe deduce that ||*Psu||l2 < C{\\^tu\\L^ + liwIU^)- □ 

Lemma 4.5. Suppose given s £ M.-I-, m < s and T £ ^^'g''(X). Then T is a 
bounded operator from if^(A') to H'^^"''{X). 

Proof. Consider u £ H\{X). Since m < s we also have T £ '^^'^{X), thus 
Tu £ L^{X) and ||Tw||i2(;f) < C||u||s.^. Moreover, due to our Theorem 12.61 
«P,-™r £ ^pj/CA"), so that we have ^s-mTu £ L'^{X) and \\^s~mTu\\L2^x) < 
C\\u\\,^A- We conclude that Tu £ H'^"^{X) and \\Tu\\,-.m,A < C\\u\\s,a- □ 

Lemma 4.6. // the vector potential A has components of class C^j(S), then 
R £ (X) defines a linear continuous operator from S*{X) into C°°{X). 

Proof. Due to our hypothesis on R, it exists a symbol r £ S~°°{E) such that 
for any (p £ S{X) we have (R(p){x) — dy Kr{x, y)ip{y), with 

Kr{x,y) := e-^i^"([-'^]) j d^e^<-^-y'^>r • 
In a similar way, the adjoint R* of R is an integral operator with kernel 

By our hypothesis on A, Kr £ C°°{X x X), and Va, (3 £ N" there exist natural 
numbers Na and N[} such that 
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In particular, V/? G N", d^Kr{-,y) G S{X) uniformly, for y in any compact 
subset. Let be a relatively compact open subset of X and (p e C^{X), 
suppip C r2. For any u G 5* (A") 



{Ru,ip) ^ {u,R*(p) ^ / dy{u{-),Kr{-,y))ip{y)^ / dyf{y)ip{y), 
Jx Jn 

where /(y) (u(-), 2/)) is obviously in C°°(r2). Thus Ru G C°°(A'), and 
the continuity follows from the closed graph theorem. □ 

Lemma 4.7. For any s G we have the continuous, dense embeddings 
S{X) ^ H'X{X)^S*{X). 

Proof. The existence and continuity of the two embeddings is evident. Let us 
prove the density of S{X) in H\{X). Take u G H\{X). Let us choose a 
sequence {wj}jeN C S{X) that converges to in L'^{X). We consider once 
again the parametrix Qs of fix a cut-off function x G C^{X) with xi^) = 1 
for \x\ < 1 and set Xji^) '■= xi^/j)- We define uj := QsVj — Xj^sU. Evidently 
Uj G S{X) and QsVj converges to Qs^sU in But Qs^sU — u + fHsU, 

so that the density conclusion will follow if we prove that Xj^sU converges 
to in H\{X). Let us put vtiO := E"=iCf for i G N, 2t > s and 

T := Dp'^(i/t) = YTj=i{Dj - Aj)^*. Then T is a differential operator of order 
2t and an elliptic operator in A simple computation shows that 

Txj^sU — XjT^sU is a finite sum of terms of the form {Dk — ^fc)™''fHsM, each 
one multiplied by a bounded function of x (containing derivatives of x) & 
strictly negative power of j. Thus Txj^sU converges to TVisU in L'^{X). Using 
ProDOsition l4.3f 3l. we deduce the convergence of Xj'^sU to D\sU in 

H^a{X): and 

thus also in ii'^(A'). □ 

Definition 4.8. For s G M+, we denote by H^'^{X) the anti-dual o/iJ^(A') 
endowed with the natural norm (that induces a scalar product): 

II II \{u,>f)\ 

||u||-s,a:= sup — . 

'^eH%\{0} \m\s,A 

Proposition 4.9. If si < S2 are two real numbers, then we have a continuous 
embedding H'^iX) ^ H'l(X). 

Proof. Just use Lemma 14.41 and a duality argument. □ 
Proposition 4.10. Let us fix s G M+ \ {0}. 

1. If u ^ S*{X) is of the form u = + w, with v and w from L^{X), then 
u G H^'iX) and \\u\\^,,a < {IMl^ + 

2. Reciprocally, if u ^ H^^{A!), then there exists v and w in L^{X) such 

1 /2 

that u = + w and (||w||^2 + ||w||^2) < |1m|1-s,a- 
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In conclusion we have 

H^''{X)^{ueS*{X) I 3v,w e L'^iX) such that u^^,v + w} , 

1/2 

and for u £ H^'^ {X) and v, w as above, — (||w||^2 + ||'A'||^2) 

Proof. 1. For u = *Pst) + w E S*{X), let us define the linear map 

Lu : S{X) ^ C, {u, ip) = + w,^)^ {v, ^,^) + {w, ip). 

We have |L,((p)| < H'P,.^!! + \M\\w\\ < {\\v\\^ + \\w\\^Y^^ M\s,a- It foUows 
that Lu is continuous for the iif^(A')-norm on S{X), which is dense in iJ^(A') 
(see Lemma f4 .Til . Thus L„ e H^^{X) and we have 

sup M^<(||«f + 

We have got a map 
i : 7W := {u e S*{X) | 3w,w G i^^;^') g^^^j^ ^j^^^ u = ^sV + w} H^'iX), 

defined by the formula i{u) := Lu. It is well defined, since it does not depend 
on the representation u = + w. Moreover, we proved that it satisfies 

1/2 

||i(M)||_s,A < (IkiP + II^IP) • The map i is injective, because i{u) = Oforu G 
M => £„ = => {u,ip) ^0,\fif e S{X) u = 0. 

2. Let us prove that i is also surjective. Take L E H^'^{X); since S{X) 
is continuously embedded in H\{X) (see Lemma we have L E S*{X). 
We must find an element u E M such that i{u) = Lu ^ L. We begin by 
defining the map $ : H\{X) ^ L^(X) x L^{X), $(V') Let 
J := Range $. It will be a closed subspace of L'^{X) x L'^{X), *Ps being closed. 

If we consider on L'^{X) x i^(A') the norm ||{/, g}\\ :— (||/||l2 + HfflUO^^^i it is 
evident that <i> : H\{X) ^ is an isometric isomorphism. Let us denote by P 
the orthogonal projection (A") xL^ (A") ^ J , set L : J ^ C, L{{p,q}) := L{q) 
audi' LoP. Notice that L' := io$-ioP : L"^ {X) x L"^ {X) ^ C is antilinear 
and continuous and L'\j — Lo = L. Using the Riesz Theorem, we can find 
a unique pair {v,w} E L'^{X) x L'^{X) such that L'{p,q) — [v,p) + (w,g) for 
any pair {p, 9} E L'^(X) x L^{X). With this choice, we get for any ip E S{X) 
the equality i(^) = L ($-i({*P.<P, = i'({*P.<^, V'}) = («, *P.<p) + («;, = 
(u, (ys) for 7i = *p,5U + u>. We also have 

(ii^iu. + wwu.f" = = sup < 

< SUP Mi^= SUP - 



{p,9}e J\{o} \\{P^ 9}||l2xL2 qefj^\{o} I1*('?)||l2xL2 
1^9)1 11,11 



□ 
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Lemma 4.11. For any s S K+ we have the continuous embeddings S{X) ^ 
H^^{X) ^ S*{X), the space S{X) being dense in H^^(X). 

Proof. The continuous embeddings follow from Lemma 14.71 and the definition 
of H^'^lX) as anti-dual of H^j^{X). Let us fix now u E H^''{X). There exists 
a pair {v,w} G L'^i^) x L^i^) such that u = ^igV + w. Moreover, we may 
approach v and w in i^-norm by sequences {wj}jeN and {uijl^gN from S{X). 
If we put Uj := ^sVj + Wj and use Proposition l4.l01 we deduce that 

1/2 

\\uj - u\\^sA < {\\vj - v\\l2 + \\wj - w\\l2) : — > 0. 

J^OO 

□ 

Proposition 4.12. For s and m real numbers, any T G ^"^'^{X) is bounded 
as operator from H\{X) to 

Proof. The case s > and m < s is the content of Lemma 14.51 By duality 
we obtain also the case s < and m > s. If s > and ni > s, let us choose 
u G H''j^{X) and write once again u = 0.s^sU + 9^sU, with G \I>"^'^'* and 
fH^ g ^^,-oo_ rpj^^g j,^ ^ {T£ls)VsU + Tm.sU. We have G L^{X), TQs G 
and TO - s > 0, so that we conclude that (ri3,)*p^u G We 

also remark that T^s G so that TlHsU G L^{X) C The case 

s < and m < s follows from Proposition l4.10l □ 

Definition 4.13. We define JT^°°(A') :— UseRH')^{X) endowed with the in- 
ductive limit topology and H^{X) := r\seRH''j^{X) endowed with the projective 
limit topology. 

Proposition 4.14. Let T G ^^fl'^iX); then 

1. T induces linear continuous maps [X) — > H^^{X) and H^{X) 
H^{X). 

2. If m — —oo, T induces a linear continuous map H^°°{X) H^{X). 

3. If T is an elliptic operator and we have u G H^^{X) and Tu G H'^j^{X), 
thenuE H'+'^iX). 

Proof. 1. If u G Hji^{X), there exists some real number s such that u G 
H\{X). Thus Tu G C H^°°{X). If u G H'XiX), then for any real 

number s we have u G H\(X) and thus Tu G H''^'^{X) for any s G M, i.e. 
Tu G 11°^ {X). The continuity may be proved either directly or by using the 
closed graph theorem. 

2. If T G and u G H^^^iX), then u G H\{X) for some real s and 
T G for any real to. We deduce that Tu G W^'^(X) for any to G M, 
i.e. Tug -Ff^(A'). 

3. If T is elliptic, there exists S G and R G such that 
ST -1 = R. Hue H^°°{X) and Tu G H\{X), it follows that u = S'(Tw) - 
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Remark 4.15. The property (3) of Proposition P~m rnay he completed as fol- 
lows: If T is an elliptic operator and u G S*{X), then we have sing suppTu = 
sing suppu; in particular, ifTu G C°°{X) then u e C°°{X). 

The above statement follows from Lemma |4 . 61 and from the fact that any opera- 
tor T e ^^'^{X) is pseudo-local (i.e. sing suppTw C sing suppw). In fact, the 
integral kernel of T is the product of the C°° function exp{— ir'^([x, y])} and 
the distribution defined by the oscillatory integral e*^^"**'^^/: (^^-i^, ^) , 

that is a C°° function outside the diagonal oi X x X. 

Lemma 4.16. For any m G N we have the equality 
H'XiX) = {li e L^{X) I {D - A)°'u G L^iX), Va G N" with \a\ < m} , (4.1) 

where (D — A)" = {Di — Ai)"^ ■ ■ ■ (Z?„ — A„)"". Moreover, we have the following 

( 2 

equivalent norm on H'^{X): ^u%rL,A ^ ( Z]|Q|<m IK^ ^ ) 

Proof. Let us denote by A4 the linear space defined in H4.1|l endowed with the 
norm || • \\m defined by the formula above. Remark that Dj — Aj — Dp^{£,j) G 
^^'^(X), so that {D - A)" G *^''"(A') for |a| < to. In conclusion, for 
u G H'XiX) we have {D - A)°'u G L^(A'), and \\{D - A)°'u\\l2 < C||m|U,a- 
Reciprocally, let u G 7W. We consider the operator E ^ D\3"^{vm) G *'^'2'"(A') 
(with the notation introduced in the proof of Lemma HT|l . that is elliptic. Thus 
we can find F G ^^'-"^"^{X) and R G *^'~°°(A') such that FE-1 = R. Due to 
our choice of u and the definition of , we have {Dj — Aj)"^u G L'^{X) for any 
j G {1, . . . , n} and thus Eu G H^'^iX). We get u ^ F{Eu) - Ru e H'^iX), 
and we finish the proof by the closed graph theorem, due to the fact that M is 
a Hilbert space. □ 

Remark 4.17. Let us point out here that for any real function <f> G C^i{X), 
the multiplication with e*"^ defines a unitary operator intertwining the Sobolev 
spaces H^J^_^_•^^{X) and H\[X). 

5 Self-adjointness and semiboundedness 

Theorem 5.1. Suppose given a magnetic field B with components of class 
BC°°iX). Let p G S^g{E) be real with m > 0, < p < S < 1; if m > 

we also assume that p is elliptic. Let us set P :— Op"^(p) in a Schrodinger 
representation defined by a vector potential A associated to B (i.e. B — dA), 
having components of class C'^-^{X). Then P defines a self-adjoint operator P 
on the domain T>{P) :~ H^{X) and S{X) is a core for P. 

Proof. The operator P is symmetric on S{X), which is dense in H™(X). The 
case TO = is clear, because P is a bounded operator. For to > we can define 
P on T>{P) :— H^{X) using ProDOsition l4. 1 21 and obtain a symmetric operator. 
If w G V{P*), there exists / G L'^{X) such that {Pu,v)l2 = {u.f)^^ for any 
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u e S{X). Thus Pv = f (as distributions) and v G H'2{X) = r»(P), proving 
self-adjointness. The last statement follows from the fact that the topology of 
H^{X) may be defined by the graph norm of P (see Lemma ^3l3)) and from 
the density of S{X) in -Ff™(A') (Lemma|12J. □ 

We intend to prove a magnetic version of the Gdrding inequality. One needs 
first 

Lemma 5.2. Let < 6 < p < 1 and suppose that f is a real valued symbol of 
class g{'E.) such that there exists a real valued symbol fo G g{'E.) satisfying 

uii_fo{X) > and / — /o G S^^f '^''(S). Then there exists a real valued symbol 
g G S° s{E) such that f - g g e ^—(5). 

Proof. Let us define go :— \fJo and observe that, due to our hypothesis, it is 
a real valued symbol of class ^^^^(S). Then our hypothesis and Theorem 12.61 

imply that /- .go o^go g S^^g^^^\~). We shall prove by induction that for any 

j G N there exists a real valued symbol gj G 1'"'' (S) such that 

The case j — has just been proved above. Suppose that we have chosen 
gi, . . . gj-i satisfying the stated relations, so that :— f — (^ bi) (^ g;) G 
S~1^''~^\e). Then g^ should be a real valued symbol of class S'^^^''^'^'' (S) 
satisfying the relation 

r.H-r = |/ - (£.9') °" (£.9^) } - 9, °" - °" 5. = 

where s G (S). Using once again Theorem 12.61 it is enough to 

choose gj :~ rj/{2go). Finally, we know that we can find a real valued symbol 
g G S%{E) such that g ^ J^^ g,. □ 

Theorem 5.3. Let B be a magnetic field with components of class BC°^{X). 
Let mGM, 0<(5<p<l, pG S'™^(S). Suppose that there exist two constants 

R and C such that Rep{x,0 > ^1^1" for \£_\ > R. Let us set P := £)p^{p) 
in any Schrddinger representation defined by a vector potential A associated to 
B, whose components are of class C^^{X). Then Vs G K there exist two finite 
positive constants Co and Ci such that 

Re{Pu,u)L^. > Co\\u\\l/^^^ - Ci\\u\\Ia, VueH^^iX). 
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Proof. We assume first that m = 0. We can choose a positive constant d and 
a cut-off function x & C^{X*) such that x(^) > and xiO = 1 on a given 
neighbourhood (large enough) of the origin £ X* , so that for p :— p + dx & 
Spg{E) we have Re{p{x,^)) > c > 0. Hence it is evident that we can take from 
the begining Rep{x,^) > c > 0. Using Lemma we deduce the existence of 
g £ Sp 5(S)r and real tq £ S^°°{E) such that Rep — ^ — g °^ g = tq. We get 

Re(Pw,u)i2 = ^\\u\\l2 + 

and thus the inequality for m — Q. 

For the case to ^ 0, notice that the operator Q := ^-m/2-P^-m/2 satisfies 
the conditions of the case m = 0. Thus Vs' e M 

Re{Qv,v)L2 > C^Ml, - C[\\v\\l,^^, € H^{X). 

For w e C-^) we denote w = 0_„/2W e -ffX l-^) where l3_™/2 € ^'^''"/^(A') 
and ^P-m/2n-m/2 = l + i?', 0-m/2*P_„i/2 = 1 + with R' and i?" belonging 
to ^^-°°{X). We conclude that 

Re(P(l + i?'K(l + i?')«)L2 > C'„\\Q_^/2u\\l, ~ C[\\Q_^/2u\\l,^^. 

To obtain the stated inequality, we remark that for functions / and g in (X) 
and i e K we have \{f,g)L^ \ < C\\f\\t,A \\g\\-t,A, and that Vs G R 

||'«IU/2,A < \\V-m/2Q-m/2u\\^/2,A + ll^'"IU/2,A < 
< C (||Q_„,./2U||^2 + II'^IIs.a)- 

□ 

Corollary 5.4. Under the hypothesis of Theorem \5.U if p > for |^| > R, the 

self-adjoint operator P is lower semibounded. 

Proof. The single non-trivial case is to > 0. Taking s in Theorem 15.31 one 
gets {Pu,u)l2 > Coh||^/2_^ - Ci\\u\\l, > -Ci\\u\\l,, e H°^{X). □ 

6 Vector potentials with bounded derivatives of 
strictly positive order 

In this Section we are going to assume (even when it is not stated explicitly) 
that the magnetic field B can be deduced from a vector potential A satisfying 

|(a"A,)(x)| <C„, Vj = l,...,n, VaeN", |a| > 1, 

that implies evidently that all the components of B are of class BC°° . 



Dp^{g)u 



(Dp^(ro)u, 



yu€H^{X), 
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6.1 General facts 

We illustrate our assumption on B by two examples. 

Exemple 1 Assume that the components {Sj7c}i<3<fc<„ '^^ ^^"^ magnetic field 
are C°° real valued functions, periodic with respect to a lattice T C X. It 
has been proved (see |Hm and Ifl) that there exists a constant magnetic field 
B° — {-Bjfe}i<j<fc<„ and a potential vector A of class C°° and F-periodic, such 
that B — B° = dA. If A° is a linear vector potential defining the magnetic field 
B° , then A A° + A has all the derivatives (of strictly positive order) bounded 
and B = dA. 



Exemple 2 Let us assume Bju G C°° n L°°, and \{d°'Bjk){x)\ < < x 

for all multiindices a with \a\ > 1. We define the associated transversal gauge 

vector potential 

n „i 

Aj{x) := / dssBjkXsx). (6.1) 

fc=l 

Then for any a with |q;| > 1 we get 

{d"Aj){x) = -Vxfe / dss^+l"! {d''Bjk){sx) + {bounded termes} . 
Outside the ball of radius 1 we have (making the change of variable s\x\ := t) 
\(d°'Aj){x)\ < C\x\ [ dss^+l"! (1 + s|x|)-i + Ci < C2. 



Definition 6.1. For < 6 < p < I we consider the following metric on 

^ at,, ■■=<^~ M^) \dx\' + < e - A(x) \de, 

and its symplectic inverse (with respect to the canonical symplectic form |., .]j 
g^^- ^ gff^^ < e - A{x) jdxp + < ^ - A{x) >-^' {d^- 

Let fi-^iX) :=< C - A{x) > > 1, ly'^iX) := ^ - A{x) e X* . 
Lemma 6.2. The metric defined in Definition \6.1\ has the following properties: 
a) It is a Hormander metric, i.e.: 

• (slow variation) there exists C > such that g^{X — Y) < C^^ 
implies {g^/g^)^^ < C 

• (temperedness condition) there exist C > and N Cz N such that 
(.9^/5^)^' < C (1 + .g^-(X - Y)f for any X,Y in E, 
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(uncertainty condition) 



< 



b) It is a conformal metric, i.e. g^''^ — \^{X)'^g^, where we have defined 
X^iXr :=inf{5^--(r)|.9^(T) = l}. 

c) It is geodesically tempered, i.e. it verifies the temperedness condition with 
respect to the geodesic distance associated to 5^'°^- 

Proof. A direct computation gives g^'" = X^(X)'^g^, with X^^iX) = fj.'^{X)P-^. 
We have got the last condition in (a) and condition (b) . The first two conditions 
in (a) foUow fi'om [Holj once we notice that /i^ is a 'basic weight function' (see 
| NU1| ). so that the pair {fi'^{X)P , fi'^{X)~^} is a 'pair of weight functions' in 
the sense of Beals (cf. jEil)- 

In order to verify condition (c), let us denote by d"^''^{Y,Z) the geodesic 
distance from y = (?/, 77) e S to Z = (z, C) G S associated to the metric 5^'°^: 



L 



d-^'''{Y,Z) 



inf 

X{1)=Z 
X(0)=Y 
X{t) of class Ci 



dtgii:^{Xit)y/^ 



(6.2) 



Thus there exists e G (0, 1] and a path X{t) such that 



dt 



^,''{x{t)r'>\x{t)\■' + ^^^{x{t)r■''m\ 



25 1 



1/2 



L + e. 



Changing the parameter t e [0, 1] with the arc-length s e [0, i + e] along the 
path X{t), we may suppose that g'^^ ^{X{s)) = 1 for all t E [Q,L + e], and we 

also have X{0) = Y and X{L + e) = Z. Now let us set z/^(s) := ^(s) - A{x{s)) 
and m'^(s) :=< v^^s) >. We have rh^{s) = to'^(s)~^ < i'^ (s) , v"^ (s) > and 



ii~s)-'\f,^{zy-'~fi^iY) 



1-51 



dsni^{.s) ^rh-^{s) 



< 



< C 



L+e 



< C 



L+e 



ds 



ds ^^'^{X{s))-^ 
M^(X(,s))-2^|^(,s)p+^^(X(s)f''|i(.)| 



1/2 



< 



1/2 



= C{L + e) 



Taking into account that ^^^(X) > 1, we obtain ['^^y^)^^ < C'l (1 + L)^ 
for some suitable constants Ci > and N E N. Considering successively the 
situations IJ,^{Y) < IJ.^{Z) and l^^{Z) < IJ,^{Y) and the above estimation, we 



finally obtain 



±1 



< Co (1 + d^''^{Y, Z))^" for some suitable constants 



Co > and iVo G N. 



□ 



Lemma 6.3. For any m e R the function M^{X) :=< ^ - A{x) 
g^ -weight for the metric g^ defined in Definition \6.1\ i.e. it is 
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• (g^ -continuous) There exists C > such that g^{X — Y) < C ^ implies 
iM^{X)/M^iY))^^ < C, 

• (g^ -tempered) There exists C > and N £ N such that 

[Mi(x)/M4(r)]^'< + 

Proof. Suppose g^{X — Y) < C^^; then by the slow variation of g^ we get 
ffS) < C, VT = (t, r) e S. But 5^(0, r)/g^(0, r) = {f,^{X) / f,^{Y))-^P , 

so that we get the claimed inequality for the function M^. For the second 
condition, by using the temperedness of the metric g"^, we just remark that: 



fM:^{x)\^' f^^^{x)-^'>Y-/'' ( gi{Q,r)\^""' ^ 



< c(i + 5^''^(x-r))"i"i/2. 



□ 



Definition 6.4. We consider the following spaces of symbols associated to the 
metric g^ of Definition \6.I\ and a g^-weight M: 

Sf s{M) = S{M, g^) the symbols q e C°°(S) such that V(a, /?) € N" x N", 
\d^d^q){x,0\ < Cai3M{X)fi^{X)-PW+^\''\. 

• ^pS^ symbols q G C°°{E) such that\/a,l3 G N", with \a\ + > 1, we 



have 



• Sp :~ Spg{^™) form (we call this m the order of the Weyl operator 
associated to a symbol of this class). 

If p = \ and (5 = the indices p and 6 will be omitted from the above notations. 
By a slight abuse, for any p £ C°°(S) we set {p o i'^){X) := p{x,i'^{X)). 

Remark 6.5. For p G C°°(S) it is clear that p G S'™^(S) if and only ifpov^ G 
S^'^ . This allows us to define asymptotic sums of symbols from S^'P . In fact, 
for a sequence {qj} with qj G S^'^' and {mj}.^^^ decreasing, with lim mj = 

—oo, there exists q £ S , uniquely defined modulo 3^'"°° := n S V™, such 

P" rnGM ^' 

that q — X] j=o 'ij ^ '^^5™'° I ^ 1 • shall write q ^ j^o 9j • 

Remark 6.6. The symbol p G ^'"^(S) is elliptic if and only ifpoi/^ is elliptic 
for the metric g^ (i.e. 1 + \{p o i/^){x,£,)\ > c[p,^ {x , ) . 
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6.2 Comparison of two quantizations 

We shall use the notation Op{p) = Dp^{p) for the usual Weyl quantization. 
As mentioned in the Introduction, Dp^(p) := Dp{po v^) is sometimes used as 
the quantization of the symbol p. We show now explicitly that it lacks gauge 
covariance, completing the discussion in |MP2| . 

For / G S'™(S), A e C^^^{X,X*) and e C^o\iX) real valued, set 

A, ^) := e'^Qpif o yA)e-'v - Op{f o i.^+V'^). 

It is an operator with distribution kernel 

[K{f, A, <^)](x, y) = exp [i lx~y,A ) \ <5(x, y)f (^,x - y 



where / is the Fourier transform of / in the second variable and 
y) := exp {i[ip{x) - (p{y)]} -cxp\i(x-y, (Vip) 



Thus gauge covariance is equivalent with the vanishing of the tempered distribu- 
tion exp{i < y,A(x) >}^{x+y/2,x—y/2)f{x,y). An easy argument proves that 
cj) vanishes identically if and only if is a polynomial of degree < 2. This can eas- 
ily be used to prove the lack of gauge covariance for a very large class of symbols 
/. Let us consider the monomial f{x,£,) = a € N; one has F{f,A,(p) = 
if and only if [i{dy + iA{x))]^ [^{x + y/2, x - y/2)] \y^o = for any /3 < a. 
Simple calculations show that this holds if < 2 but is no longer true for 
\P\ > 3, (one checks easily that f{x,£^) = ^j(,k^i is indeed a counterexemple 
because {dy^ +iAj{x)){dy^ +iAk{x)){dy, + iAi{x))[^{x + y/2,x - y/2)]\y=o = 
{djdkditp){x) ^ for at least one triple (j, k, I) if is not a second order poly- 
nomial). Let us also notice that the Fourier transform of f{x,£,) =< ^ > is a 
distribution / with singular support X x {0} and analytic on its complement. 
In fact / is rotation invariant and some straightford computation proves that it 
verifies an ordinary differential equation (in the radial variable) with coefficients 
analytic outside {0}. Thus it is nonzero on a dense set in X x X and in order to 
have gauge covariance, the function <f> should be identically zero, but this is not 
the case if (p is not a second order polynomial. We conclude that Dp^(< ^ >) 
dos not provide a gauge covariant quantization. 

In spite of all these, it is useful to express Dp^{p) as £)pj^{q) for some 
symbol q, but keeping in mind that this operator is the magnetic quantization 
of p and not of q. We are going to explore this in the sequel. We define 
T'^{[x,y]) :=< X - y,r^{x, y) > so that r'^(a;, y) = ds A{{1 - s)x + sy). 

Proposition 6.7. For any p G 5™^(S) there exists a unique q G ^"^-(S) such 
that Dp^{p) = Op{q o v^). Besides, we have qo X]?lo ' '^^ 



ere 



qf{X):^ ^ -{{^Dyrd^[p{x,i-T^{x + yl2,x-y/2)]) 



a 
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In particular =poi,^, qf = 0, qf E + (^j > l)^ q-p e S^J^^iE). 

Proof. Let us write down the distribution kernel of the operator £)p^{p) (using 
oscihatory integrals with values in S*{X x X)): 

Thus the usual Weyl symbol of the operator Dp^{p) is 

q^{X)^ f dy e-^<y'^> {x + iy/2),x ~ iy/2)) = 



XxX* 



dydr^ e'<y'^> p {x,i + -T^{x + {y/2),x ~ {y/2))) 



We use the Taylor expansion C + = ("^O ^V"' {d"p){() + r]y{xX,v)j 

\a\<N 



rNix,Cv) ■■= E TTT^^ / dt{l-t)''-' id^p){xX + tv). 



Inserting this development in the definition of q , we get 

JV-l 



3=0 



with qj given exactly by the formula in the statement of Proposition 16 . 71 For 
r"^, we get the explicit formula 

X { {-DyrO^ [p{x, C + t?7 - r-4(x + y/2, x - y/2)] } . 
It is clear now that q^ — p o and qj £ S^'P (j+i)p^ > Moreover 

itiX) = -,T.i9^A.m~Aix))[^-^)ix,x), 

j,k=l \ J / 

= ds{2s-l){d,Ak){x) = 0, 

and we get qf{X) — 0. We shall estimate now the derivatives of f^, by some 
integration by parts, using the identities 

< y >-^^ (1 - A^)^ e'<y''^> = e'<y''^>, 
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For X G S fixed and any e > 0, we decompose the integral over rj E X* into two 
parts corresponding to the two regions 

:={??£ A-* |<r7>< e < ^V^ix + y /2,x - y /2) >] , V,:^X*\V,. 

But < A{x) - r'4(a; + y/2, x - yj^) > < C f^{^^^ ds < A{x) - A{x - sy) > is 
bounded hy C < y > and tlius < S^-T^^ix + y /2, x-y/2) >™ is bounded by C < 
^ - A{x) >"< y >™, Vto e M. Then, for a,f3 in W\ we have \{d^d^f^){X)\ < 
Cap{R'j^{X) + R'^iX)), where is by definition 

/ dt [ dy [ df] <y>-^^'<Tj>-'^^^<£, + tr]~r{x + y/2,x-y/2)>'', 
Jo J X Jv, 

R'^{X) is the same integral but on the domain instead of and k = 
m-{p~ 5)N - p\P\ + 5\a\ + 2SN2 = ko + 2SN2. being a bounded domain 
in X* , we shall take A^2 = and obtain 

R'n{X) < C <^~-A{x) [ dy <y >-2Afi+|feol+n 

Jx 

that is finite if we choose 2Ni > |fco| + 2n + 1. Then for R'^{X) we get the 
bound 

C [ dy <y >-2A^^ fdjjKr, >|feo|-2(i-5)JV. 
Jx Jv, 

< C <^~A{x) >\ko\+n-2{l-5)N, I ^ y ^-2N, + \\ko\+n~2{1^5)N,\ 

Jx 

We have to choose 2Ni > max{|fco| + 2n + 1, ||fco| + n - 2(1 - S)N2\ + n + 1} 
and also |A;o| + n — 2{1 — 5)N2 < ko + n in order to obtain the conclusion e 
S'^'P~'^''~^'^^^^ . We apply the argument at the end of the proof of Theorem l2.t)[ 
to get that € S^f. We end the proof by taking q{X) := q^{x,e, + A{x)). □ 

Remark 6.8. If p E S'^(S) is a polynomial of degree less then or equal to 2 
in the variable ^ € X* ( with coefficients depending on the variable x £ X), we 
have q = p in the above Proposition and thus we get Dp"^(p) — Dp{po y^). 

Proposition 6.9. (Converse of Proposition 16. 7|) For any q £ 5™^-(S), there 
exists a unique p £ S™g{E) such that Op^{p) — Op{q o v^). 

Proof. For any tempered distribution p £ we can define the operator 

Op^{p) £ B{S{X),S* (X))^ as an integral operator with distribution kernel 

K^{x,y) = [ (fr/e'<^-^'''>e*<^-^'^''(^'^)>p 
Jx" 
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so that 

/ di]e'<y''^>p{x,Tj) = e-'<y'^^(^+y/^-^-y^^>K'^{x + y/2,x - y/2), 

J X' 

and finally 

= / dye~'<y^^>e''<y'^^='+y''^^='-y'^>K{x + y/2,x-y/2). 
J X 

One can also write the distribution kernel of the Weyl operator Dp(q o v) 

We may have the equality Op^{p) — Dp{q o y^) if and only if 

p{X) ^ ff dydrj e'<^'''-«>e-^<«'^''(="+«/2'="-2'/2)>g(x, r] - A{x)) = 

J JxxX' 




dydj] e'<y^'i>q {x,^ + r] + T'^ix + y/2, x - y/2) ~ A{x)). 



Proceeding then as in the proof of Proposition l^Tl we show that p £ S™g{'E). □ 

Remark 6.10. The Propositions \6. i\ and UT^ imvlv that, under the hypothesis 
of Section\^ the properties of the magnetic pseudodifferential operators may be 
obtained through the usual Weyl functional calculus associated to the metric g^ 
( JjBoSf . ]Hol^ . ]Ho2l ). An exemple is the following Fefjerman- Phong theorem: 

Corollary 6.11. Let us choose p S S^^g ^\'^) with p >0. Then there exists a 
constant C > such that (^Dp^{p)u,u^ ^ > -C||w||^2, Vu G S{X). 

Proof. Choosing p as in the statement of the Corollary and using Proposition 
16.71 we conclude that there exist q £ S^^^ ^\^) a-nd r £ S'^^^^''(S) such that 
q = p-\- r and Dp'^(p) — Op(g o v). The condition p > implies that Dp^(p) 
is symetric and thus q and r will be real. Thus we can write Qp^ip) ~ Qpip o 

a consequence of the Fefferman- 
Phong inequality ( |Ho2| . T.18.6.8), there exists a constant Cq > such that 
{pp{po i'^)u,u)^2 > —Co I|w|li2, Vu £ S{X). Using Proposition 16 . 91 we deduce 
the existence of a symbol rg £ S'^^~^'^(S) such that Dp{r o v^) = Dp'^(ro), 
that is a bounded operator in i^(A') due to the fact that p + 25 > and 
to Remark 13.31 We conclude that there exists a constant Ci > such that 
{Dp{rovA)u,u)^, > -Ci 11^111., Vue5(A'). □ 
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6.3 Resolvents and fractional powers of elliptic magnetic 
pseudodifferential operators 

Due to the fact that the Hormander metric is conformal and geodesically 
temperate we can use a Theorem of Bony f |Bolp characterizing pseudodiffer- 
ential operators by commutators and prove that the resolvent and the powers 
of an elliptic magnetic self-adjoint pseudodifferential operator are also of this 
type. 

Theorem 6.12. (Bony) Let q e S*{E) and Q := Dp{q). Then q G 8^}™- if and 
only if Q ^ B{H^, L'^{X)) and for any finite family {bj}-^^^.^^ C S^"^ we have 
ad{Op{h))---ad{Opibk))QeB{H'X,LHX)). 

Corollary 6.13. Under the hypothesis of Theorem \5.1\ let P := Dp^{p). We 
also denote by P the induced self-adjoint operator in Lp'{X) (with domain H^). 
Then for any z G C \ O'(P) we have [P — z)~^ = Dp'^(pz) with € ^^"(S). 

Proof Obviously (P - z)''^ G B{H^"\ L'^(X)). Using Proposition lO there 
exists q G S^'P such that Dp^{p) — Op(q). For a finite family {bj}^^.^^ C 
S*^^^, the arguments in |Bolj imply that ad{Dp{bi)) ■ ■ ■ ad{Dp{bk))Op{q) is a 
Weyl operator having a symbol of class S^'^ . A simple computation shows 
that the operator ad(Dp(6i)) • • • ad(Dp(6fe))(P — z)~^ is a finite sum of terms of 
the form ±(P - zy^Ka,{P - z)^^ ■ ■ ■ (P ~ zy^Ka^P - z)~^ , where Z < fc and 
each factor Ka is of the form 

Ka ^ li ad{Op{b,))P = n ad(Dp(5j))Dp(g), 

with Ja finite subset of {l,...,k}. We conclude that Ka G B(L'^{X), H^""), 
and thus 

ad(Dp(6i)) • • • ad(Dp(6fe))(P - z)-' G BiHj^, L^iX)). 

Using Theorem 16.121 we conclude the existence of a symbol qz G S^'^™ such 
that (P — z)^^ — Dp{qz)- By Proposition 16.91 we deduce the existence of a 
symbol pz G Sp '^iE) such that Op'^(pz) = £>p{qz) = (P - z)"^. □ 

Remark 6.14. From Theorem W.lilM t follows directly that an operator Op"^ (p) 
(with p £ is a "smoothing" one, i.e. transforms H^°° into , if and 

only if it belongs to 

We use now Corollary 16.131 and some ideas from the proof of Proposition 
29.1.9 in |Ho3j in order to study the fractional powers of an operator as in 
Corollary 16.131 We first remark from Corollary 15.41 that (for the case n > 2 
and replacing if necessary p by —p) Dp^{p) is lower semibounded. Thus in 
this case (adding if necessary a sufficiently large constant) we may suppose 
that p > 1 and Dp"^(p) > 1. We can work with the usual Weyl quantization, 
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because (having assumed that the magnetic field B admits a vector potential 
with bounded derivatives of any strictly positive order) the two quantization are 
in a one-to-one correspondence that associates to elliptic magnetic operators, 
operators that are elliptic with respect to the metric g"^. 

Given p G S^g{E), resp. p G S^'P, we call a principal symbol of Dp^{p), 

resp. Dp{p), any element pa £ S^s{E), resp. po G 5^ f", satisfying p - po G 

S';/'-'\e), resp. p~po G S^;r^'-'\ 

Theorem 6.15. Let m > 0, p E S^'p o, real elliptic symbol, such that p > 1 
and P := Dp(p) > 1. Then for any s G M we have = Dp(gs) for some 
Qs G S^'^™' . Moreover P^ admits p'^ as principal symbol. 

Proof. For s G N the Theorem results directly from the Weyl calculus. Corollary 
16. 131 implies the case s = — 1 and thus we conclude that the Theorem is true for 
any s G Z. 

Taking into account the composition of symbols, we only have to prove the 
case — 1 < s < 0. We consider the Cauchy formula for the function f{z) :— on 
the domain { z G C | 3?(z) > 0, < e < |z| < i?}. Letting e ^ and R ^ oo 
we get for any u G L'^{X) 



/zoo 
dz z" (P - z] 
-ioQ 



-1 

U. 



Then we notice that p-z G S^^^i^^" + \z\) a.nA {p- z)-^ G Sjs{{lJ''^ + \z\r^), 
uniformly for z G iR. Denoting by o the usual Weyl composition of symbols, 
we get (p— z)o (p— z)~^ = l — r^ for some G S^g{fi~^). Let us denote by g"-' 
the j-th power of q with respect to the product o and let Cz ^ J^JLo ^z'' ■ Then 
Cz G Sfs, - 1 G S^silJ-^^) and (1 - r^) o - 1 G 5^^-°°. Moreover 

hz [p - z)^^ o Cz e S^g{{fj."^ + |z|)^^) and {p — z) o hz — I + gz- We conclude 
that (P - z)-i = Dp{hz) - (P - z)-^Op{gz) = Dp [{p - z)-^]+ Dp(a,) - (P - 
z)-iDp(g,), where a, := [p - z)-^ o G Sp^s (^^^^(m™ + |z|)-i). It follows 
that 

P^ =Dp(6o)+Dp(6i) + P, 

where 

/ioc 
dzz'{p~z)-^=f G 5^^^™, 



hi :=i -(27rz) ^ / dz z^az, 



too 



too 



/too 
dz z" (P - z)"^ Dpigz 
-ioc 

Taking z — it with t G M and recalling that G S"^ ^{^jT^ [p.™' +\z\)^^) uniformly 
in t G M, we deduce that for any /3, 7 in N" the derivatives {^^djbij {x,^) are 
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bounded by 

/oo 
-C30 

so that bi e S^'g™""^ . Recalling Theorem 16 . 1 21 and Remark 16.141 we finish the 
proof by showing that the operator R is "smoothing" . 

First we notice that for any fc g Z, the norms ||u||j:jfcm and ||P'^'u||i2 are 

equivalent on H'2^\ Thus there exists a constant C > such that for any 
t eR, taking z ^ it and u e if^™ we have 

||(P-z)-i?/||^,,„ < C \\P''iP~z)-^u\\^, < 

< C(t2 + l)-l/2||pfc^||^^ < Ci(t2 + l)-l/2||y||^,„. 

Thus Vfc e Z and Vi e M, || (^^ - •z)"iB(jffc™) < C'fc (i^ + 1)"^/^. As it is easy 
to see that the operator D\){gz) is "smoothing" uniformly in z = it with t € M, 
we conclude that for any k and / in Z and any u S S{X) we have 

/oo 
dt\t\%i + \t\y' < c'{k,i)\\u\\H'^. 
-oo 

□ 

Remark 6.16. Using Theorem I ff. 1 .51 awrf Propo sition\6. T\we s ee that the opera- 
tors Op'^(< ^ >), Dp^(< <^ >) = Dp(,u'^) and y/{D - A)^ + 1, are elliptic Weyl 
pseudodifferential operators of first order associated to the metric and having 
the same principal symbol . Thus, all three define self-adjoint, lower semi- 
bounded operators in L'^{X), having the same domain H\{X) and differing only 
by bounded operators. Each one may be a candidate for a magnetic relativis- 
tic Schrodinger Hamiltonian. Nevertheless, the last one cannot be obtained by a 
complete 'quantization' procedure applying to a larger class of classical observ- 
ables, while the second one (although used in fjcJf . ]IcSJ/ . lITlf . JjlTSJ/ . ]lTsl^ . 
JTN^ . JWU^, JNUBI, etc.; IS not covariant for the gauge transformations. 
Thus, we consider that the only adequate one should be the first one. 

7 The limiting absorption principle 

This section is devoted to the spectral analysis of operators of the form Dp(p), 
Dp^(p) = Dp(p o v^) and Dp'^(p), for an elliptic symbol p e and a 

limiting absorption principle for this type of operators is obtained. The main 
tool we shall use is an abstract result belonging to the "conjugate operator 
method", (proved in ABGj). We shall also make use of some known properties 
of the Weyl calculus ( Holj, |Ho2| ) and of the magnetic pseudodifferential cal- 
culus developed above. The following hypothesis will be assumed all over this 
section: 
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Hypothesis 7.1. There exists e > (that we can always suppose smaller then 
n — 1), such that for any a € N" there exists Ca > for which \(d"Bjk){x)\ < 
Ca < X >~^~'^ , for any x £ X and j,k £ {1, . . . , n}. 

Concerning the vector potential A defining _B, we shall suppose that it has 
been chosen to satisfy the conditions in Lemma 17.21 below. 

Lemma 7.2. Suppose that Hypothesis 1 7. j| is satisfied. Then: 

a) there exists a vector potential A such that B = dA and for any multiindex 
a £ N", \{d"Aj){x)\ < Ca < X >~'^ for any x € X and any j m {1, . . . , n}, 

b) if \ct\ > 1, then the above vector potential A also satisfies \{d°'Aj){x)\ < 
Ca < X >"i"'^ ln(l+ < X >). 

Proof. We choose the Coulomb gauge 



Aj{x) 



E 

k=l 



X 



dy {dkE)(y)Bkj{x - y), 



where E is the standard elementary solution of the Laplace operator on X . 

a) It is evident by this definition that Aj E C°°{X) and dA — B. Moreover, 
for any a S N", \{d°'Aj){x)\ < C dy \y\^-"{l + \x - y\)-^-\ For |x| < 1 the 
above integral is bounded. For \x\ > 1 we make the change of variables y = \x\y 
and get 

|(5"A,)(x)|< C\xr f dy\y\'- ^ 
Jx Fl 

this last integral being uniformly bounded with respect to |a;| > 1. 

b) Obviously it is enough to prove the estimation for the first-order deriva- 
tives, and to consider only the terms where these derivatives are acting on the 
elementary solution E. Using the results in §8 of Chapter II in jMi| we have 



y 



diA,{x) = V / dy{didkE){x-y)Bkj{y) + n-^Bi,{x), 



where the integral has to be interpreted as a principal value. We can write: 



Bk;j{x) - Bkjiy) 



dt <x-y, (VBfcj) {x + t{y - x)) >, 



so that 

\Bkj{x)- Bkj{y)\ < C\x-y\ < x >-'^-^< x - y 

For \x — y\ < 1 we obtain \Bkj{x) — Bkj{y)\ < Ci < x >~^~'^ \x — y\. We use 
then Theorem 1.7 from §7 of Chapter II in |Mi| to estimate the singular integral 
and get 



X 



dy {didkE){x - y) Bkjiy) 



< C <x >-^-'' \n{l+ <x>) 



□ 
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Before formulating the main result of this section (Theorem 17.311 let us 
make some remarks. Any vector potential verifying the conditions in the above 
Lemma [7?^ has the property d"Aj G L°°{X) for any a G N" and any 1 < j < n. 
Thus we can apply the results of our previous Section Moreover it is easy 
to verify that in the present situation, all the magnetic Sobolev spaces H\{X) 
(defined in Section^J coincide with the usual Sobolev spaces H^{X) = Hq{X). 

If p € S""(S) is a real elliptic symbol and m > 0, the operator P := Op{p) 
is self-adjoint in L'^{X), having the domain H'^{X). We shall denote its form 
domain by G := V{\P\^/^) = H'^/'^{X). Let us still denote by gs,p and g*^, 
(s G R and 1 < p < oo) the spaces of the Besov scale associated to Q and 
g* = iJ-™/2(A') (see |ABGp . Let us finally remark that for any z e C± we 
have (P - e Big*;g) C ^(5*/^ ^_i/2,„o)- 

We shall denote by g the metric :— \dx\^+ < ^ jd^p and by Mj^j 
(for m and 6 in R) the weight function AIj-^ siX) :=< x >^^< ^ >™, for 

Theorem 7.3. Assume that the magnetic field B satisfies Hypothesis \ 1. 1\ Let 
p e 5™(S), with TO > 0, satisfying the conditions: 

i) p is real valued and elliptic; 

ii) there exists po G S''" (S) a real elliptic symbol depending only on the vari- 
able ^ G X* , positive for \^\ large, and there exists ps G S{Mm.i+eT g) cmd 
PL e 5'(Af„i_i^e,.g) with d^^Ph G <S'(Af„j_i^i+e, 5), 1 < j < n, such that 
P = Pa + Ps + PL- 
Let H , Hq, respectively, the self-adjoint operators defined by Op{p) and Dp{po) 
in L'^{X), both having domain H™'{X). They have the following properties: 

a) CTcss(-ff) = O-cssiHo) =po{X*). 

b ) The singular continuous spectrum of H (if it exists ) is contained in the 
set of critical values of po defined as A(po) ■— {PaiO I P'oiO — 0}- 

c) The eigenvalues of H outside A(po) have finite multiplicity and can accu- 
mulate only in A{pq). 

d) (Limiting Absorption Principle) The holomorphic function C± 9 z 1-^ 
{H — z)~^ G '^(^1/2 1' ^-1/2,00) has a weak* -continuous extension to 
CZ\[A{po)UapiH)]. 

e) Properties a)-d) also hold if we replace Dp{p) with either Of j^{p) orDp'^{p). 
For the proof of this Theorem we shall need some auxiliary results. 

Lemma 7.4. Let Hypothesis \ 7. 1\ be verified. We consider the symbol p G S'™(S). 
a) There exists q G S{Mm-i.e, g) such that Dp^{p) — Op{p) + Dp{q). 
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b) If, moreover, the symbol p verifies for all a e N" with \a\ > 1, and for all 



{dylp){x, < C^,0 < X >-i ln(l+ <x>)<^>' 



(7.1) 



then, for a and (3 as above, we have d"d^^q e S{Mfj,g), with 
Mp{x,S,) :=< X >-^-' ln(l+ < x >) < ^ >'"-i-l'^l . 
Proof, a) For any u G S{X) we have 



dyd^ e 



''<x-y,£,> , 



X + y 



i-Y^{x,y)\u{y). 



We can writep(^,^-r^(a;,y)) = p (^,^) + r(a;,y,0, with r{x,y,i) := 

- (r^(x, y), dr C - Tr^(x, y))) . Thus Dp^(p) = Dp(p)+i?, where 

i? is defined by the integral kernel Kj. G S*{X) given by the oscillatory integral 
Kr{x,y) := J.^, df]e'^^^~y'^^r{x,y,r]). We can write R = Op{q), with 

q{x, = dt e-'<''^>Kr + ^ - = 

= jj^ ^^dtdrie'<''^>r[x+\,x-^-,n + dj- 

We set r{x,z,r]) := r (x + |, a; — |, ry). For any a e N" we have \{d°'A){x + 
sz)\ < Ca <x + sz and thus \{d"A){x + sz)\ <C'^<x z >" for any 

x,z in X and any s G [—1/2, 1/2]. Also 



(v-r [ I 
\ -^-1/2 



for any (.r, z) E X x X, rj G X* , A G M and t G [0, 1]. From these inequalities 
and the formulae above, we obtain for any multiindices a,/3, 7 and for any 
{x,z,ri) G X X X X X* 

\{d^d^d^^r)ix,z,7])\ < a,j3,^, < X >-'< z >'< r] >™-i-ItI . 

For any two natural numbers Ni and N2 we get 

{d^dlq){x,0 ^ [[ dzd:r]e'<''^> 



< z >-2^i X 



x(l-A,)^^ <r,>-2^^ {l-A,f^{d^d^f){x,z,v + 0, 
so that we can deduce the estimation 



{d:d^,q){x,0 



< 



44 



JJxxX* 

< C'Ip < X >-^<^ >'"-i-l'3|, 

by choosing A^i and N2 sufficiently large. 

b) We can follow once again the proof of point (a), and remark that for 
|q| > 1 and s e [-1/2, 1/2] we have 

\d°'A{x + sz)\ <C'^<x >-^-'' ln(l+ <x>)<z >^+' ln(l+ < z >). 

The supplementary condition (|7.1|) is needed when we estimate the derivatives 
d^f (in the differentiation of dr/P with respect to the first argument). □ 

Lemma 7.5. Under Hypothesis \7.1[ the operator Op{q) : H™(A') L^{X) 
defined in Lemma \7.4}f a) is compact. 

Proof. For any s G M the operator < D >^= Dp(ps) € ^{Ps,g), and the 
operators < D >^ and < D >^'* are one the inverse of the other. If we denote 
Pt{x,C) .—< X >*, it follows that Op{q) < D >^"'e ^{p^^p-i, g), we also have 
lim {< X >^'^< ^ >^^} = and the Theorem 18.6.6 in |Ho2) implies that 

\x\ + \^\^oc 

Dp(g) < D >-™ is compact in L^{X). Thus Dp(g) = {£>p{q) < D >-™) < 
D is compact as an operator from H'"(A') to L^{X). □ 

Proposition 7.6. Under Hypothesis \7.1\ if p E S""(S) is real and elliptic with 
m > 0, it follows that Op{q) (defined in Lemma \7.4}f o-)) is a relatively compact 
perturbation of Dp{p). In particular acss[^P^{p)] — crcss[^p{p)]- Moreover, if 
P{x,0 ^p{0, then acss[Op^{p)] = acss[Op{p)] ^ p{X*) and, if lim p(^) = 00, 

then cress[i3p^(p)] = cross[^p(p)] = [7,00), with 7 := inf p{^). 

^aX" 

Proof. Due to Theorem 15.11 the operator £)p^{p) is self-adjoint on the domain 
H™(A'), and the same is true for Op{p). Lemma rr5l above implies that Dp(g) is 
a relatively compact perturbation of Dp{p). Then, if p{x, £,) = p{^) we see that 
Op(j}) is unitarily equivalent to the operator of multiplication with the function 
p in L^{X*) and thus we have the second equality. For the last one just remark 
that \p{^) > CICI" for |^| > R, so that p will have constant sign for |^| > R. □ 

Lemma 7.7. Let m S M and p G S'™(S) be given such that p{x,£,) =p{(,); let 
also Or be a function in C°°{X) depending on the parameter r > 1 and such that 
for any a G N" with \a\ > 1 satisfies \{d^0r){x)\ < C^r-^, G R", Vr > 1. 
Then r{p o Or ^ 6r o p) E S'™^"'^(M") uniformly in r > 1. 

Proof. For any u G S{X) 
{[Dpip),Dp{Or)] u} (x)^ ff dyd^ e^<^-y'^>piO [Oriv) - Orix)] u(y) = 
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E 



i<x—y,^> 



XxX* 



P3{Cs^j{x,y,r)u{y), 



where = {D,pm e A,(x,y,r) = / {d^^^) {sx + (1 - 



and for any a e N", /3 G N", we have rd^d^Xj e x X x [l,oo)). Thus 

n 

we have the formula [Op{p),Dp{0r)] = r^^ J2 ^Pilj) ^ith 



XxX* 



dyd-q e*<^'''>pj + 77)^^ (a;, y, r) 



and iij{x,y,r) :— rXj{x + y/2, x — y /2,r). For A^i and A^2 integers large enough 

< 



< Cap < C > 



m-l-|/3| 



XxX* 



m-l-|/3 



□ 



Lemma 7.8. Let p G S{Mm,s, g) and S > 0. Then there exists q € iS'™(S) smc/i 
t/iat Dp{p) =< Q Op{q). 



Proof. The distribution kernel of the operator < Q >^ ^p{p) is given by 
K{x, 
with 



K{x,y) J^, df] e'<'=-y''^> < x >^ p{^,T^). We get < Q >^ Dp(p) = Dp((j) 



dydr^ e'<y''J-i> <x + y/2 rj) 



For A'"i and N2 large enough we get 



Ilxxx' dy < V >-'^^+'< V >-2^=+l™-l'3|l< C'^,<C> 



m-\l3\ 



□ 



Proof of Theorem 7.3. I. The case H = Op{p). We are going to verify 
the hypothesis of Theorem 7.6.8. in lABCxj . that directly implies the conclusion 
of our theorem; for the second equality in (a) we use ProDOsition l7.6l 
1. Tiie difference {H + i)^^ — (iJo + is a compact operator in L^{X). 
We have Dp(p) — Dp(po) + ^p{ps) + ^P{pl)- Thus we can write 

{H + - (i/o + i)-^ = -{H + ^)-l{Dp(ps) + Op[pl)}{Ho + 

From LemmaEHlwe see that Dp{ps+PL) =< Q ^Pir) with r e ^""(S). We 
remark that {Ho + i)-^ is in B [L^{X), H"^{X)] , Dp{r) is in B [H"" (X) , L"^ (X)] , 
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{H + i) ^ is in B [H '"(A'), L^(A')] and < Q > is a compact operator in 

B{L^{X), H~™{X)), so that the difference of the resolvents is compact. 

2. For any p G C^{X) with p{x) = for x in a neighborhood of G A", setting 

Pr{x) :=p(x/r), wehave j^dr \\pr{Q)Qp{ps)\\ ^^^^^.^ < oo. 

By Lemma Em we have Op{ps) =< Q >"^"' Op((7o) with go € 5""(S). Let 

us denote pr{x) p(f) (<i>)'^' • Thus pr{Q)Qp{ps) = r-(i+^)p;(Q)Dp(go), 
and observing that 



\pr{Q)Dp{qo)\\ 



B(g,g*) 



< D >-"/2 priQ)Opiqo) <D> 



-rn/2 



it wiU be enough to prove that 



sup 



< D >-'"/2 p;(g)Dp(<?o) < 



m/2 



< OO. 



As the function satisfies the hypothesis of Lemma 17.71 we conclude that 
r {p-m/2 op^^p,o p_„/2} G uniformly in r > 1. But 

< D >-'"/2 p;(Q)Dp(go) < D >-™/2^ 

= /5;(g) < D >-™/2 Dp(go) < f? >"™/' + 

< f? >-'"/2,p;(g)] Dp(<zo) < f? 

and by the previous remark the second term above is a Weyl operator of order 
-1, uniformly for r > 1. The first term of the above sum is a Weyl operator of 
order 0, thus defining a bounded operator, uniformly in r > 1. 
3. For any function 9 E C°°{X) with 6{x) = on a neighborhood of E X 
and 9{x) = 1 in a neighbourhood of inhnity, we have for any j — 1, • • • ,n, 

ll^.(Q)[Q,,t'P(PL)]ll,,,,,., <cx,,for0r{x)=e{x/r) 
In order to prove this estimation we notice that [Qj,0\){pL)] = — Dp(-D^^pl) and 
using Lemma I7!H1 we have ~Dp{D^^pL) Q Op{qi) with qi E 
Thus it will be enough to prove that 



sup 

r>l 



< D >-™/2 ^^(g)£)p(gi) <D>- 



m/2 



< OO, 



with ifrix) := 9{x/r){r/ < x >Y and this follows by the same argument as in 
step (2) due to the fact that ipr also verifies the hypothesis of Lemma [7. 71 
4. For any test function 9 E C°°{X) with 9{x) = on a neighborhood ofQEX 
and 9{x) = \ in a neighbourhood of inhnity, we have for any j — 1, • • • ,n, 
/,°°$ \\9r{Q) < Q > [D,,DpipLm,,, ,,, < ^, for er{x) = 9ix/r) 

We start from the equality [Dj,Dp{pL)] = Dp{DxjPL) and, using Lemma [7.81 
we see that Dp{D^^pL) =< Q Op{q2) with e S'™-i(S). Thus 

everything goes on as before. 

II. The case H = Op'^ip). From Lemma lT^ we deduce the existence of a symbol 
q E S{Mm~i,(, g) such that for < e' < e we have dxjq E S{Mm-i,i+e',g), 
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1 < j < n and Op^{p) = Op{p) + Op{q) = Op{p'), where p' = po + ps + p'l 
and p'l = PL + q & S(Mm-i,e,g), d^^ .p' € S{Mm-i^i+^' , g), I < j < n. Since 
p' — p ^ S{Mm-i,e, g), we conclude that p' is elliptic. As Dp{p') = Dp^{p) is 
symmetric, we deduce that p' is real. 
III. The case H = Dp^(p). We start from the equality 

[Dp{p o i.^) - Op{p)] u{x) ^ ff dyd^ e'<^-y'^>r{x, y, Ou{y) 

J JxxX' 

for any u G S{X), where 

r{x, y,0^~ f dT < A{{x + y)/2, {d^p){{x + y)/2, ^ ~ tA{x + y)/2)) > . 
Jo 

Repeating the proof of Lemma IV . 41 with r'^(a;, y) replaced by A{{x + y)/2), we 
conclude that there exists q G S{Mm~i,t,g) such that dx^q & S{Mm-i,e' , g), 
l<j<n, 0<e'<e and Dp{p o ly^) — Op{p) + !Dp{q) and we are in the 
previous situation. ■ 

For t and s in R let us denote by the usual weighted Sobolev spaces, i.e. 
HI = {m e S*{X) I < D >"< Q >* u e L^iX)}. We notice that = H° 
and Q = Ti.^^^. As shown in BGS , for (5 > and 7 > (5 + 1/2, we have the 
continuous embedings C ^5^/2 ^ ^1/2 i' ^^^^ being also compact. By 
duality we get the continuous embedings ^?_i/2,oo C ^ -^-7' ^^"^ 

one being compact. One easily gets from the point (d) of our Theorem 17 . 31 that 
the limiting absorption principle is valid in B{L^; ^-7) ^'-'^ uniform topology, 
for any 7 > 1/2. 

Remark 7.9. The limiting absorption principle is valid in B(Ti..y 'H™^ij^) for 
the uniform topology, for any 7 > 1/2 (we may evidently suppose 7 < 1/. 

To prove this fact we start with the following identity for z £ C±, conse- 
quence of the resolvent equation: 

{H-z)'^ ^ {H-iy^ + {z-i){H-i)-^ + {z-if{H~i)-^{H-z)-\H-i)-\ 

As [H - i)-^ e ^(Ho "^^^"/^), the desired result will follow if we prove 
that {H - i)-^ e for any 7 e [-1, 1]. In order to verify this 

relation, one may proceed as in the proof of our Lemma 17.71 and show that 
for any function (p G C°°{X) with d^ip £ L°°{X) for \a\ > 1, the commutator 
[Dp{p), (fiQ)] is a Weyl operator with symbol of class 5™^^(S). It follows that 
for any u G S{X) 

'fi{Q){H - i)-^u ={H- i)-\'4^u) + Tu, 

with T G 6(7^0 "/^T^o"^^)- This equality may then be extended to those el- 
ements of TYq '"^■^ which verify Lpu e TYq™^^. Choosing 1^9(2;) :=< x with 
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< 7 < 1, we deduce that {H - i)-^ e B{rq'^''^;rC^'^) for any 7 G [0, 1]. By 
duality we obtain the same statement for 7 S [—1,0]. 

Exemple 1 The magnetic relativistic Schrddinger Hamiltonian Dp'^(< ^ >). We 
consider the situatio n of Th eorem 17. with p(^) ~ Po{C) ^ >, Ps — PL — 0. 
In this case we have po{X*) = [l,oo) and A(po) = {!}■ Thus this operator has 
no singular continuous spectrum. 

Exemple 2 The operator Op ^{p) = Dp(/i'^). Recall that Ai^(a;, £,) =< i-A{x) >. 
We use again Theorem rOl with p{^) = po{0 =< C >• T. Umeda (jnml) has 
apphed the Enss method to this operator obtaining properties (a), (b) and (c) 
from our Theorem 17.31 but not a limiting absorption principle. Besides, the 
hypothesis in |Um| are less general then ours: he imposes restrictions on the 
vector potential A of the form \d°'Aj{x)\ < Ca < x >~^~'^ for any a G N" 
(for 1 < j < n and x G X) and e > 0. We are making hypothesis only on 
the magnetic field B and the only properties of A that we use in the proof of 
Theorem 17.31 are those deduced in Lemma [7.21 from our Hvpothesis l7.1l 

Remark 7.10. An interesting result has been obtained by T. Ichinose and H. 
Tamura TTE/ . showing that we have Dp(/i'^) > !,• some straightforward mod- 
ifications of the proof in \IT^ shows that £)p^{< Thus under our 
hypothesis one has (T(Dp^(< ^ >)) = cr(Dp^(< ^ >)) = [l,oo). 

Exemple 3. Our arguments may also be applied to the Schrodinger operator 
H = [D — A)"^, taking p{Cj — PoiO — ICPi Ps — Pl = 0. In this case Theorem 
l7.3l does not bring anything new (the situation may be understood from the one 
without magnetic field), this type of results being known for much more general 
(singular) magnetic filds, but also of the "short-range" type (see |BMPp . This 
situation is a consquence of the fact that there exist magnetic fields which verify 
our Hvpothesis l7.1l with e < and such that {D — A)'^ has dense pure spectrum 
in an interval of K (see |CFKS| ) , and thus Theorem 17.31 clearly may not be 
applied. 
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